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Introduction 

K3 surfaces were known classically as complex smooth projective surfaces whose 
generic hyperplane section is a canonically embedded curve; an example is pro- 
vided by a smooth quartic surface in P'^. One naturally encounters K3's in the 
Enriques-Kodaira classification of compact complex surfaces: they are defined 
to be compact Kahler surfaces with trivial canonical bundle and vanishing first 
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Betti number. Below we list a few among the wonderful properties of these 
surfaces: 

(1) (Kodaira [33]): Any two K3 surfaces are deformation equivalent - thus 
they are all deformations of a quartic surface. 

(2) The Kahler cone of a K3 surface X is described as follows. Let uj G 
Hjg^ (X) be one Kahler class and Mx be the set of nodal classes 

A/'x :={aei?z^^(X) I a-a = -2, a • w > 0} (0.0.1) 

The Kahler cone )Cx is given by 

ICx := {a e H^\X) \ a ■ a > 0, a • /3 > y/SeJVx}- (0.0.2) 

(3) (Shafarevich & Piatechki - Shapiro [62 , Burns & Rapoport Xj Looijenga 
& Peters ^\): Weak and strong Global Torelli hold. The weak version 
states that two K3 surfaces X, Y are isomorphic if and only if there exists 
an integral isomorphism of Hodge structures /: H'^{X) -^^ H^{Y) which 
is an isometry (with respect to the intersection forms), the strong version 
states that / is induced by an isomorphism (p : Y — > X if and only if it 
maps effective divisors to effective divisorq^l. 

The higher-dimensional compact Kahler manifolds closest to Ki surfaces are 
hyperkdhler manifolds (HK); they are defined to be simply connected with H^'^ 
spanned by the class of a holomorphic symplectic form. The terminology orig- 
inates from riemannian geometry: Yau's solution of Calabi's conjecture gives 
that every Kahler class w on a HK manifold contains a Kahler metric g with 
holonomy the compact symplectic group. There is a sphere S^ (the pure quater- 
nions of norm 1) parametrizing complex structures for which g is a Kahler metric 
- the twistor family associated to g; it plays a key role in the general theory of 
HK manifoldo Notice that a HK manifold has trivial canonical bundle and is 
of even dimension. An example of Beauville [T] of dimension 2n: the Douady 
space S''"l parametrizing length-n analytic subsets of a K3 surface S. (Of course 
S'l"! is a Hilbert scheme if S is projective.) We mention right away two results 
which suggest that HK manifolds might behave like K3^s. Let X be HK: 

(a) By a theorem of Bogomolov [S] deformations of X are unobstructeclfl 
i.e. the deformation space Def{X) is smooth of the expected dimension 
HHTx). 

(b) Since the sheaf map Tx -^ ^x given by contraction with a holomorphic 
symplectic form is an isomorphism it follows that the differential of the 
weight-2 period map 

H\Tx) -^Rora{H^^'^{X),H^'\X)) (0.0.3) 

is injective i.e. infinitesimal Torelli holds. 



^Effective divisors have a purely Hodge-theoretic description once we have located one 
Kahler class. 

^Hyperkahler manifolds are also known as irreducible symplectic 

^The obstruction space H^{Tx) might be non-zero, e.g. if X is a generalized Kuinmer, see 
Subsection 11.11 



We notice that by (a) the generic deformation of X has h£ = - in particular 
it is not projective. In fact given a G H^{Q}^) and a first order deformation 
K € H^{Tx) we know by Griffiths that a remains of type (1, 1) to first order in 
the direction k if and only if Tr{K U a) = 0, moreover the map 

K ^ Tr{KUa) ^ > 

is surjective if a ^ by Scrre duality. Item (b) i.e. Infinitesimal Torelli suggests 
that the weight-2 Hodge structure of X might capture much of the geometry of 
X. 

We will review some of the known results regarding higher-dimensional HK's 
and then we will present a program which aims to prove that numerical K3^'^''s 
behave very much like K3's at least as far as Items (l)-(2) and (3) above are 
concerned - a HK 4- fold X is a numerical {K3) ^^l if there exists an isomorphism 
of abelian groups t/j: H'^iX;Z) ^ H'^{S^'^^;Z) where S is a. K3 such that 

a-^ ^ [ V(a)^ Vaei/2(X;Z). (0.0.5) 



In the last section we will discuss Global Torelli for deformations of K3 
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1 Examples 

The surprising topological properties of HK manifolds (see Subsection 12. ip led 
Bogomolov [3] to state erroneously that no higher-dimensional (i.e. of dim > 2) 
HK exists. Some time later Fujiki [15] realized that i^TS'^l is a higher-dimensional 
HK manifolqj. Soon after that Beauville 1 showed that KS'-^' is a HK manifold 
and constructed another deformation class of HK manifolds in arbitrary even 
dimension greater that 2 namely deformations of generalized Kummers. We 
exhibited [551 156) two "sporadic" deformation classes, one in dimension 6 the 
other in dimension 10. No other deformation classes are known other than 
those mentioned above. 

1.1 Beauville 

Besides (iiTS)'"! Beauville discovered another class of 2n-dimensional HK man- 
ifolds - generalized Kummers associated to a 2-dimensional compact complex 
torus. Before defining generalized Kummers we recall that the Douady space 
M^t"l comes with a cycle (Hilbert-Chow) map 

where W^") is the symmetric product of W. Now suppose that T is a 2- 
dimensional compact complex torus. We have the summation map (7„ : W^"'' — > 
W . Composing the two above maps (with (n -I- 1) replacing n) we get a locally 



^Fujiki described K3^^' not as a Douady space but as the blow-up of the diagonal in the 
symmetric square of a K3 surface 



(in the classical topology) trivial fibration an+i o Kn+i : M^["+^l -^ W. The 
2n-diinensional generalized Kummer associated to T is 

K^''-^T:={<j,,+iOKn+i)-H0). (1.1.2) 

The name is justified by the observation that if n = 1 then K^'^'T is the Kummer 
surface associated to T (and hence a K3). Beauville fT proved that K^"\T) is 
a HK manifold. Moreover if n > 2 then 

62((ii'3)["l) = 23 62(i^'"lr) = 7. (1.1.3) 

In particular (KS)^"^ and K^"-^T are not deformation equivalent as soon as n > 2. 
The second cohomology of these manifolds is described as follows. Let W^ be a 
compact complex surface. There is a "symmetrization map" 

Hn-. H\W;Z)^H\W^''''^;Z) (1.1.4) 

characterized by the following property. Let pn : VF" -^ PT/(") be the quotient 
map and tt^ : W^ ^^ W^ be the z-th projection: then 



Pn° 



^„(a)=^7r*a, aeH^iW;Z). (1.1.5) 



Composing with k* and extending scalars one gets an injection of integral Hodge 
structures 

Jin ■■= < o/i„: H^{W;C) -^ i/2(^N.q_ (^^^_g) 

The above map is not surjective unless n = 1; we are missing the Poincare dual 
of the exceptional set of k„ i.e. 

A„ := {[Z] e VF["1 \Z is non-reduced}. (1.1.7) 

It is known that A„ is a prime divisor and that it is divisiblq^by 2 in Pic(M^["l): 

0VKH(A„)=ir, i„ePic(W^W). (1.1.8) 

Let ^n '■— ci{Ln)', one has 

il2(w^["l;Z)^pi„ij2(w^;Z)©Ze„, iiHi{W)^0. (1.1.9) 

That describes _ff^((i\r3)["l). Beauville proved that an analogous result holds 
for generalized Kummers, namely we have an isomorphism 

(a, fc) 1-^ {Hn+l{a) + k£_n+l)\KMT 

The above description of the H^ gives the following interesting result: if n > 2 
the generic deformation of S*'"' where 5 is a K3 is not isomorphic to T^"! for some 
other K3 surface T. In fact every deformation of 5'"! obtained by deforming 
S keeps ^„ of type (1,1) while as noticed previously the generic deformation 
of a HK manifold has no non-trivial integral (1, l)-classes. (Notice that if S is 
a surface of general type then every deformation of S^^^' is indeed obtained by 
deforming 5, see [H].) 



^If n = 2 Equation HI. 1.811 follows from existence of the double cover Bl^iag(S'^) — ^ S^'^' 
ramified over A2. 



1.2 Mukai and beyond 

Mukai [m HHl [SO] and Tyurin [55] analyzed moduli spaces of semistable sheaves 
on projective i^3's and abelian surfaces and obtained other examples of HK 
manifolds. Let S" be a projective K3 and Ai the moduli space of Os{l)- 
semistable sheaves on S with assigned Chern character - by Gieseker and Maruyama 
M has a natural structure of projective scheme. A non-zero canonical form on S 
induces a holomorphic symplectic 2-form on the open A^* C A^ parametrizing 
stable sheaves (notice that A^'' is smooth by Mukai [S]). If A^** = M then M 
is a HK varietjo, in general it is not isomorphic (nor birational) to (iCS)'"! how- 
ever it can be deformed to (JsTS)!"! (here 2n = dimA^), see [111 [Ml [Z2] • Notice 
that S'l"! may be viewed as a particular case of Mukai's construction by iden- 
tifying it with the moduli space of rank-1 semistable sheaves on S with ci = 
and C2 = n. Notice also that these moduli spaces give explicit deformations 
of (iC3)["l which are not (iiTS)!"!. Similarly one may consider moduli spaces of 
semistable sheaves on an abelian surface A: in the case when M = Ai" one gets 
deformations of the generalized Kummcr. To be precise it is not A^ which is a 
deformation of a generalized Kummer but rather one of its Beauville-Bogomolov 
factors. Explicitely we consider the map 

A^(^) -A Ax A , . 

[F] ^ (alb(c2(F)-C2(Fo)),[dctF®(dctFo)-i]) ^-'^ 

where [Fq] G A^ is a "reference" point and alb: CHo{A) ^ A is the Albanese 
map. Then a is a locally (classical topology) trivial fibration; Yoshioka [73] 
proved that the fibers of a are deformations of a generalized Kummer. What 
can we say about moduli spaces such that A^ 7^ A^* ? The locus {A4 \ A4*) 
parametrizing S'-cquivalence classes of semistable non-stable sheaves is the sin- 
gular locus of Ai except for pathological choices of Chern character which do not 
give anything particularly interesting; thus we assume that (M. \ A^*') is the sin- 
gular locus of A^. A^natural question is the following: does there exist a crepant 
desingularization A^ ^- A^ ? We constructed such a desingularization [5SJ [S5] 
(see also [37]) for the moduli space M-4{S) of semi-stable rank-2 sheaves on a K3 
surface S with ci = and C2 = 4 and for the moduli space A^2(^) of semi-stable 
sheaves on an abelian surface A with ci ~ and C2 = 2; the singularities of the 
moduli spaces are the same in both cases and both moduli spaces have dimen- 
sion 10. Let Alio be our desingularization of A^4(5') where S* is a K3. Since the 
resolution is crepant Mukai's holomorphic symplectic form on {A4{S) \Ai{Sy) 
extends to a holomorphic symplectic form on Afio. We proved [55j that Miq 
is HK i.e. it is simply connected and /i^'°(A/io) = 1. Moreover Mio is not a 
deformation of one of Beauville's examples because 62(^/10) = 24. (We proved 
that 62(^/10) > 24 later Rapagnetta [53] proved that equality holds.) Next let 
A be an abelian surface and A^2(^) —>■ Ai2{A) be our desingularization. Com- 
posing Map p.2.ip for A4{A) = Al2(^) with the desingularization map we get 
a locally (in the classical topology) trivial fibration a: A^2(^) -^ A x A; let 
Mq be any fiber of a. We proved [55] that Mq is HK and that 62(^5) = 8; 
thus Mq is not a deformation of one of Beauville's examples. We would like to 
point out that while all Betti and Hodge numbers of Beauville's examples are 
known [18] the same is not true of our examples (Rapagnetta 63 computed 



^A HK variety is a projective HK manifold. 



the Euler characteristic of Mg). Of course there are examples of moduH spaces 
M with A^ ^ A^'* in any even dimension; one would like to desingularize them 
and produce many more deformation classes of HK manifolds. Kaledin-Lehn- 
Sorger [31] have proved that in most cases there is no crepant desingularization 
and that if there is one then it is a deformation of Miq if the surface is a K3 
while in the case of an abelian surface the fibers of Map (jl.2.ip composed with 
the desingularization map are deformations of M^jj. In fact all known examples 
of HK manifolds are deformations either of Beauville's examples or of ours. 

1.3 Mukai flops 

Let X be a HK manifold of dimension 2n containing a submanifold Z isomorphic 
to P". The Mukai flop of Z (introduced in |47| ) is a bimeromorphic map X --•» 
X^ which is an isomorhism away from Z and replaces Z by the dual plane 
Z^ := (P")^. Exphcitly let t: X -^ X he the blow-up oi Z a.ml E C X he the 
exceptional divisor. Since Z is Lagrangian the symplectic form on X defines an 
isomorphism Nz/x — ^z = ^P" • Thus we have 

E = F{Nz/x) = P(fip") C P" X (P")^. (1.3.1) 

Hence _E is a P"^^-fibration in two different ways: we have n: i? — ;► P" i.e. the 
restriction of r to i? and p: E —^ (P")^. A straightforward computation shows 
that the restriction of N^,^ to a fiber of p is Op,.-! (—1). By the Fujiki-Nakano 

contractibility criterion there exists a proper map r^ : X — > X^ to a complex 
manifold X^ which is an isomorphism outside E and which restricts to p on .E. 
Clearly t"^ (E) is naturally identified with Z"^ and we have a bimeromorphic map 
X --+ X'^ which defines an isomorphism {X \ Z) -—> (X^ \ Z^). Summarizing: 
we have the following commutative diagram 

(1.3.2) 




X^ -^ W are the contractions of Z and Z'^ respec- 
tively - see the Introduction of [H]. It follows that X^ is simply connected and 
a holomorphic symplectic form on X gives a holomorphic symplectic form on 
X^ spanning iJ°(r2^v ); thus X^ is HK if it is Kahler. We give an example with 
X and X^ projective. Let / : 5" ^- P^ be a double cover branched over a smooth 
sextic and ©5(1) := /*Op2(l): thus S is a K3 of degree 2. Let X := S'l^l and 
Ai he the moduli space of pure 1-dimensional C's(l)-semistable sheaves on S 
with typical member t*£ where t: C ^^ S is the inclusion of C € 105(1)1 and 
£ is a line-bundle on C of degree 2. We have a natural rational map 

(/): 5121 --^ A^ (1.3.3) 



^To be precise their result holds if the polarization of the surface is "generic" relative to 
the chosen Chern character, with this hypothesis the singular locus of A^ is, so to speak, as 
small as possible 



which associates to [W] S S^"^^ the sheaf i^C where C is the unique curve con- 
taining W (unicity requires W to be generic !) and £ := Oc{W). If every 
divisor in 105(1)1 is prime (i.e. the branch curve of / has no tritangents) then 
M is smooth (projective) and the rational map (j) is identified with the flop of 

Z:={r\p)\pe¥^}. (1.3.4) 

Wierzba and Wisniewsky |74] have proved that any birational map between 
HK four-folds is a composition of Mukai flops. In higher dimensions Mukai [17] 
defined more general flops in which the indeterminacy locus is a fibration in 
projective spaces. Markman [41] constructed stratified Mukai flops. 

2 General theory 

It is fair to state that there are three main ingredients in the general theory 
of HK manifolds developed by Bogomolov, Beauville, Fujiki, Huybrechts and 
others: 

(1) Deformations are unobstructed (Bogomolov's Theorem). 

(2) The canonical Bogomolov-Beauville quadratic form on H^ of a HK man- 
ifold (see the next subsection). 

(3) Existence of the twistor family on a HK manifold equipped with a Kahler 
class: this is a consequence of Yau's solution of Calabi's conjecture. 

2.1 Topology 

Let X be a HK-manifold of dimension 2n. Beauville [T] and Fujiki [TB] proved 
that there exist an integral indivisible quadratic form 

qx:H^{X)^C (2.1.1) 

(cohomology is with complex coefficients) and cx £ Q+ such that 



(2nV 



" = ^x^z^qx{ay\ a e H\X). (2.1.2) 

X 



The above equation determines cx and qx with no ambiguity unless n is even. 
If n is even then qx is determined up to ±1: one singles out one of the two 
choices by imposing the inequality 

qx{io) > for cj e H^^iX) a Kahler class. (2.1.3) 

(Notice that if n is odd the above inequality follows from (j2.1.2p .) The Beauville- 
Bogomolov form and the Fujiki constant of X are qx and cx respectively. We 
notice that (j2.1.2p is equivalent (by polarization) to 

/ aiA. . .Aa2n ^ Cx 2^ (acr(i), acr(2))x-(ao-(3)jaCT(4))x • • • (acr(2n-i), acr(2n))x 

(2.1.4) 



where (•, ■)x is the symmetric bihnear form associated to qx and TZ2n is a set 
of representatives for the left cosets of the subgroup G2n < S2n of permutations 
of {1, ... , 2n} generated by transpositions (2z — 1, 2i) and by products of trans- 
positions (2i — 1, 2j — l){2i,2j) - in other words in the right-hand side of (j2.1.4p 
we avoid repeating addends which are equajj. The existence of qx , cx is by no 
means trivial; we sketch a proof. Let / : A:" ^^ T be a deformation of X represent- 
ing Def{X); more precisely letting Xt :— f~^{t} for t £T, we are given G T, 
an isomorphism Xq ^^ X and the induced map of germs (T, 0) -^ Def{X) is 
an isomorphism. In particular T is smooth in and hence we may assume that 
it is a polydisk. The Gauss-Manin connection defines an integral isomorphism 
(j>t : H'^{X) -^^ H^{Xt). The local period map of X is given by 



T -^ P(ij2(X)) 
t ^ ^^'H^'^iXt) 



1^2,0... ^ (2-1-5) 



By infintesimal Torelli, see (10. 0.31) Imn is an analytic hypersurface in an open 
(classical topology) neighborhood of 7r(0) and hence its Zariski closure V — Irmr 
is either all of ¥{H'^{X)) or a hypersurface. One shows that the latter holds by 
considering the (non-zero) degree-2n homogeneous polynomial 



H^{X) -^ C 
a ^ Ix a'" 

In fact if at E H^'"{Xt) then 



(2.1.6) 



a^'' = (2.1.7) 

by type consideration and it follows by Gauss-Manin parallel transport that 
G vanishes on V. Thus I{V) = {F) where F is an irreducible homogeneous 
polynomial. By considering the derivative of the period map (|0.0.3p one checks 
easily that V is not a hyperplane and hence degF > 2. On the other hand type 
consideration gives something stronger than (12.1.71) . namely 

/ crt"+iAai---Aa„_i =0 ai, . . . ^a^-i e H^Xt). (2.1.8) 

It follows that all the derivatives of G up to order (n — 1) included vanish on 
V. Since degG = 2n and degF > 2 it follows that G = c ■ i^" and degF = 2. 
By integrality of G there exists A G C* such that cx '■= Ac is rational positive, 
qx '■— X ■ F is integral indivisible and (|2.1.2p is satisfied. 

Of course if X is a K3 then qx is the intersection form of X (and cx ~ i)- In 
general qx gives H^ {X\'L) a structure of lattice just as in the well-known case of 
KZ surfaces. Suppose that X and Y are deformation equivalent HK-manifolds: 
it follows from (|2.1.2p that cx = cy and the lattices H'^{X;'L),H'^{Y;'L) are 
isometric (see the comment following (12.1.21) if n is even). Consider the case 
when X = (_ftr3)["l; then /!„ is an isometry, ^n-^Im-J^n and qx{£,n) = —2{n — 1) 
i.e. 

ij2(S'W;Z) = C/3©£;8(-l)2§(-2(n-l)) (2.1.9) 



°In defining cx we have introduced a normalization which is not standard in order to avoid 
a combinatorial factor in Equation 112. 1.41 1. 



where © denotes othogonal direct-sum, U is the hyperbohc plane and Es{—1) 
is the unique rank-8 negative definite unimodular even lattice. Moreover the 
Fujiki constant is 

CsH = 1. (2.1.10) 

In [64] the reader will find the B-B quadratic form and Fujiki constant of the 
other known deformation classes of HK manifolds. 

Remark 2.1. Let X be a HK manifold of dimension 2n and uj G H^' {X) be a 
Kahler class. 

(1) Equation (|2.1.2p gives that with respect to (, )x we have 

i/P'9(X)_LiJP''«'(X) unless {p',q') = {2-p,2-q). (2.1.11) 

(2) qx{i^) > 0. In fact let a be generator oi H^'°{X); by Equation (|2.1.4p and 
Item (1) above we have 

0< [ a"-^ Aa''-^ Auj^ = cx{n-iy.{<J,-a)xqx{i^)- (2.1.12) 

Jx 

Since cx > and {a,a)x > we get that qx{^) > as claimed. 

(3) The index of qx is (3, 62(-''^) ~ 3) (i.e. that is the index of its restriction 
to H^{X; R)). In fact applying Equation (j2.1.4p to ai = . . . = a2n-i = w 
and arbitrary a2n we get that uj^ is equal to the primitive cohomology 
Hp^{X) (primitive with respect to uj). On the other hand Equation (|2.1.4p 
with ai — . . . — oi2n-2 — w and a2n-i,a2n G w^ gives that a positive 
multiple of gxL^ is equal to the standard quadratic form on Hp^{X) 
(recall Inequality (12.1.31) '). By the Hodge index Theorem it follows that 
the restriction of qx to uj^ fl H'^{X;R) has index (2,&2(-'^) - 3). Since 
qx{^) > it follows that qx has index (3, 62 (X) — 3). 

(4) Let D be an effective divisor on X; then (w, D)x > 0. (Of course (w, D)x 
denotes (w, ci{Ox{D)))x-) In fact the inequality follows from the inequal- 
ity /p w^"-! > together with (|2.1.4p and Item (2) above. 

(5) Let /: X ---» F be a birational map where F is a HK manifold. Since X 
and Y have trivial canonical bundle / defines an isomorphism U — > V 
where U d X and V G Y are open sets with complements of codimension 
at least 2. It follows that / induces an isomorphism /* : H'^{Y-,'L) -^^ 
H'^{X;Z); f* is an isometry of lattices, see Lemma 2.6 of [26l . 

The proof of existence of qx and cx may be adapted to prove the following 
useful generalization of (12.1.21) . 

Proposition 2.2. Let X be a HK manifold of dimension 2n. Let X ^ T he 
a representative of the deformation space of X. Suppose that 7^ 7 S H^'^{X) 
is a class which remains of type {p,p) under Gauss-Manin parallel transport 
(e. g. the Chern class Cp{X)). Then p is even and moreover there exists c^ G M 
such that 

' 7 A a2"-P = c^qx{a)-^-P''^. (2.1.13) 



/.■ 



Our next topic is Verbitsky's theorem [53] (see also [1]). Let X be a HK- 
manifold of dimension 2n. Our (sketch of) proof of (|2.1.2I) shows that 

if a G H^{X) and qxia) = then a"+^ = in H^"+^{X). (2.1.14) 

In fact adopting the notation introduced in the proof of (|2.1.2p we have = 
cr^~^^ G i7^"+^(Xi) and hence by Gauss-Manin transport we get that — 
(V-r^CT^^+i e ij2"+2(x). Since the set {i/^^^at | i G T} is Zariski dense in 
the zero-set V{qx) C H'^{X) we get (|2. 1.141) . Let / C Syjn'H'^{X) be the ideal 
generated by a"+^ where a G H'^{X) and qx{oi) = 0: 

/ := ({a"+i I a G i/2(x), qx{a)^0}). (2.1.15) 

By (|2.1.14p we have a natural map of C-algebras 

Sym'H^{X)/I — > H'{X). (2.1.16) 

Theorem 2.3. [Verbitsky] Map (|2. 1.161) is injective. 

In particular we get that cup-product defines an injection 

n 

Symm^X) -> H'{X). (2.1.17) 

9=0 

S. M. Salamon [6.5. proved that there is a non-trivial linear constraint on the 
Betti numbers of a compact Kahler manifold carrying a holomorphic symplectic 
form (for example a HK manifold); the proof consists in a clever application of 
the Hirzebruch-Riemann-Roch formula to the sheaves 51^ and the observation 
that the symplectic form induces an isomorphism il^ = O^ ^ where 2n = 
dim^dl- 

Theorem 2.4. [S. M. Salamon] Let X be a compact Kahler manifold of dim,en- 
sion 2n carrying a holomorphic symplectic form. Then 

2ri 

nb2n{X) = 2^(-l)'(3i2 - n)b2n-,{X). (2.1.18) 

j=i 

The following corollary of Verbitsky's and Salamon's results was obtained 
by Beauville (unpublished) and Guan [22 . 

Corollary 2.5. [Beauville and Guan] Let X be a HK A-fold. Then b2{X) < 23. 
// equality holds then 63 (X) = and moreover the map 

Sym^H^iX; Q) -^ H^{X; Q) (2.1.19) 

induced by cup-product is an isomorphism. 
Proof. Let bi := bi{X). Salamon's equation (|2. 1.181) for X reads 

64 = 46 + IO&2 - b3. (2.1.20) 



^A non-zero section of the canonical bundle defines an isomorphism Q^ ^ = (f!^)^ 
A^Tx and the symplectic form defines an isomorphism Tx — ^x E'nd hence ATx — O^ 
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By Verbitsky's Theorem [2T3] - sec (|2.1.17p - we have 

'''^')<h. (2.1.21) 

Replacing 64 by the right-hand side of (|2.1.20p we get that 

6^ + 62 < 92 + 2O62 - 263 < 92 + 2O62. (2.1.22) 

It foUows that ^2 < 23 and that if equaUty holds then 63 = 0. Suppose that 
62 = 23: then 64 = 276 by (|2.1.20p and hence (12.1.19^ follows from Verbit- 
sly's Theorem ^M □ 

We mention that Guan [52] obtained other restrictions on b2{X) for a HK 
four-fold X: for example 8 < 62 (^) < 23 is "forbidden". 

2.2 The Kahler cone 

Let X be a HK manifold of dimension 2n. The convex cone ICx C H^ (X) of 
Kahler classes is the Kahler cone of X. Item (3) of Remark 12.11 gives that 
the restriction of qx to H^ (X) is non-degenerate of signature {l,b2{X) — 3); 
it follows that the cone 

{aeHl'^{X)\qx{a)>0} (2.2.1) 

has two connected components. By Item (2) of Remark 12.11 ICx is contained 
in ()2.2.ip . Since ICx is convex it is contained in a single connected component 
of (12.2.11) ; that component is the positive cone Cx ■ The following result is proved 
in the erratum of [26 . 

Theorem 2.6. [Huybrechts] Let X be a HK manifold. Let X ^ T be a repre- 
sentative of Def{X) with T irreducible. IftET is very general (i.e. outside a 
countable union of proper analytic subsets of T) then 

ICx,=Cx,, (2.2.2) 

Proof. Let G T be the point such that Xq = X and the induced map of germs 
(T, 0) — >■ Def{X) is an isomorphisno. By shrinking T around if necessary we 
may assume that T is simply connected and that X ^ T represents Def{Xt) for 
every t E T. In particular the Gauss-Manin connection gives an isomorphism 
Pt : H'iX-'L) ^ H'{Xt\Z) for every t G T. Given 7 G H'^p{X- Z) we let 

T^ := {f G T I Pt{-i) is of type {p,p)]. (2.2.3) 

Let 

iG(r\ U T^) (2.2.4) 

and Z d Xt he a closed analytic subset of codimension p; we claim that 

a2«-P>0 iiqx,{a)>0. (2.2.5) 

z 



^''The map (T, 0) — > Def{X) depends on the choice of an isomorphism /; Xq — > X but 
whether it is an isomorphism or not is independent of /. 
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In fact let 7 S H^f{Xt) be the Poincare dual of Z. By (12.2. 4p 7 remains of type 
(PtP) for every deformation of Xt] by Proposition [2721 p is even and moreover 



there exists c-y £ M such that 



/ a2"-p ^ c^g^(a)»-p/2 Va £ -ff^(Xt). (2.2.6) 

Jz 

Let oj be a Kahler class. Since < J^uj'^"^p and < qx{^) we get that 
c^ > 0; thus (|2.2.5p follows from (|2.2.6p . Now apply Demailly-Paun's version of 
the Nakai-Moishezon ampleness criterion 1111: K-Xt is a connected component 
of the set P{Xt) C H^^{Xt) of classes a such that /^ a^""^ > for all closed 
analytic subsets Z C Xt (here p = cod{Z, Xt)). Lett be as in (12.2.41) . By (|2.2.5p 
P(Xt) = Cx4 1J(— CxJ; since K-Xt C Cxt we get the proposition. D 



Huybrechts 26^ has proved that Theorem 12.61 gives the following projec- 
tivity criterion. 

Theorem 2.7. [Huybrechts] A HK manifold X is projective if and only if there 
exists a (holomorphic) line-bundle L on X such that qx{ci{L)) > 0. 

Boucksom [5 , elaborating on ideas of Huybrechts, gave the following char- 
acterization of ICx for arbitary X . 

Theorem 2.8. [Boucksom] Let X be a HK manifold. A class a G H^' {X) is 
Kahler if and only if it belongs to the positive cone Cx and moreover J„ a > 
for every rational curve Qlj. 

One would like to have a numerical description of the Kahler (or ample) cone 
as in the 2-dimensional case. Hassett and Tschinkel [23] proved the following 
result. 

Theorem 2.9. [Hassett - Tschinkel] Let X be a HK variety deformation equiv- 
alent to K3^'^' and Lq an ample line-bundle on X . Let L be a line-bundle on X 
such that ci{L) G Cx- Suppose that {ci{L),a)x > for all a G if^' {^) such 
that {ci{Lo),a)x > and 

(a) qx{a) = -2 or 

(b) qx{a) = -10 and {a,H^{X;Z))x - 2Z. 

Then L is ample. 

Hassett and Tschinkel [33] conjectured that the converse of the above the- 
orem holds i.e. the above conditions are also necessary for L to be ample. We 
explain the appearance of the conditions in the above theorem and why one 
expects that the converse holds. We start with Item (a). Let X be a HK man- 
ifold deformation equivalent to /vS'^' and L a line-bundle on X: Hirzebruch- 
Riemann-Roch for X reads 

x{L) = ^{q{L) + A){q{L)+6). (2.2.7) 

(We let q = qx-) It follows that xW = 1 if and only if q{L) = -2 or q{L) = -8. 



^^A curve is rational if it is irreducible and its normalization is rational 
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Conjecture 2.10. [Folk?] Let X be a HK manifold deformation equivalent to 
K3^^\ Let L be a line-bundle on X such that qx{L) = —2. 

(1) If (ci(L), H^{X; Z))x ~ ^ then either L or L^^ has a non-zero section. 

(2) If (ci(L), iJ^(X;Z))x = 2Z then either L^ or L~^ has a non-zero section. 
(Notice that qxiL"^ ) = -8.) 

If the above conjecture holds then given a G H^' {X) with qx{ct) — ~2 
we have that either (a, •)x is strictly positive or strictly negative on ICx] in 
particular the condition corresponding to Item (a) of Theorem l2.9l is necessary 
for a line-bundle to be ample. Below are examples of line-bundles satisfying 
Items (1), (2) above. 

Ex. 1 Let 5 be a K3 containing a smooth rational curve C and X — S*'^'. Let 

D:={[Z]eS^^^\ZnC^9}. (2.2.8) 

LetL := OxiD);thenci{L) = Jl-,(c^ (Oc^(C))) where ^9 is given by pTT^ . 
Since JI2 is an isometry we have qx{L) — C ■ C — —2 and moreover 
(ci(L), iJ^(X; Z))x — Z. For another example see Item (5) of Remark 



Ex. 2 Let S* be a ^3 and X = S'l^l Let L2 be the square- root of Ox {^2) 
where A2 C S*'^' is the divisor parametrizing non-reduced subschemes - 
thus ci(L2) = ^2- Then q{L2) = —2 and ij has "the"non-zero section 
vanishing on A2. Notice that neither L2 nor i^ has a non-zero section. 

Summarizing: line-bundles of square —2 on a HK deformation of ii'Sl^l should 
be similar to (— 2)-classes on a K3. (Recall that if L is a line-bundle on a K3 
with ci(L)^ = —2 then by Hirzebruch-Riemann-Roch and Serre duality either 
L or L~^ has a non-zero section.) Next we explain Item (b) of Theorem 12.91 
Suppose that X is a HK deformation of iCSl^l and that Z C X is a. closed 
submanifold isomorphic to P^ - see Section [T751 Let C C Z he a line. Since (, )x 
is non-degenerate (but not unimodular !) there exists /? G H^{X;Q) such that 



One proves that 



7=(/?,7)x y^eH'iX). (2.2.9) 

c 

qx{f3) = -| (2.2.10) 

Equation (|2.2.10p follows from Isomorphism (j2.1.19p and the good properties 
of deformations of HK manifolds, see [24], Sect. 4. Since {13 , H^ {X ; Z)) x = Z 
and the discriminant of (, )x is 2 we have 2/3 G H'^{X; Z); thus a := 2/3 is as in 
Item (b) of ??nd if L is ample then < J^ Ci{L) = i(ci(L), a)x- 

Hassett and Tschinkel state conjectures that extend Theorem 12. 91 and its con- 
verse to general HK varieties, see |25j - in particular they give a conjectural 
numerical description of the effective cone of a HK variety. The papers [SI [T^ 
contain key results in this circle of ideas. 

We close the section by stating a beautiful result of Huybrechts 27 - the proof 
is based on results on the Kahler cone and uses in an essential way the existence 
of the twistor family. 
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Theorem 2.11. Let X and Y be bimeromorphic HK manifolds. Then X and 

Y are deformation equivalent. 

3 Complete families of HK varieties 

A couple {X, L) where X is a HK variety and L is a primitivq^ ample line-bundle 
on X with qx (L) = d is a HK variety of degree d] an isomorphism (X, L) — 5- 
{X', L') between HK's of degree d consists of an isomorphism / : X -^^ X' such 
that f*L' = L. A family of HK varieties of degree d is a couple 

{f:X^T,C) (3.0.1) 

where A" — )► T is a family of HK varieties deformation equivalent to a fixed HK 
manifold X and £ is a line-bundle such that {Xt,Lt) is a HK variety of degree 
d for every t e T (here Xt := f~^{t) and Lt :— jC\xt) - we say that it is a family 
of HK varieties if we are not intersted in the value of qx{Lt). The deformation 
space of (X, L) is a codimension-1 smooth sub-germ Def{X, L) C Def{X) with 
tangent space the kernel of Map (j0.0.4p with a = ci{L). The family (J3.0.1I) is 
locally complete if given any to G T the map of germs (T, io) — > Def{Xt„,Lt„) is 
surjective, it is globally complete if given any HK variety {Y, L) of degree d with 

Y deformation equivalent to X there exists to GT such that {Y, L) = (Xj;,, Ltg). 
In dimension 2 i.e. for K2> surfaces one has explicit globally complete families of 
low degree: If d = 2 the family of double covers S ^^V'^ branched over a smooth 
sextic will dd^^l. if d = 4 we may consider the family of smooth quartic surfaces 
5' c P^ with the addition of certain "limit" surfaces (double covers of smooth 
quadrics and certain elliptic ivTS's) corresponding to degenerate quartics (double 
quadrics and the surface swept out by tangents to a rational normal cubic curve 
respectively). The list goes on for quite a few values of d, see [49j [51] and then 
it necessarily stops - at least in this form - because moduli spaces of high-degree 
K^s are not unirational [50]. We remark that in low degree one shows "by 
hand" that there exists a globally complete family which is irreducible; the same 
is true in arbitrary degree but I know of no elementary proof, the most direct 
argument is via Global Torelli. What is the picture in higher (> 2) dimensions ? 
Four distinct (modulo obvious equivalence) locally complete families of higher- 
dimensional HK varieties have been constructed - they are all deformations of 
ifSl^l. The families are the following: 

(1) We constructed [55] the family of double covers of certain special sextic hy- 
persurfaces in P^ that we named EPW-sextics (they had been introduced 
by Eisenbud-Popescu- Walter [IS])- The polarization is the pull-back of 
C'p5(l); its degree is 2. 

(2) Let Z C P^ be a smooth cubic hypersurface; Beauville and Donagi [2] 
proved that the variety parametrizing lines on Z is a deformation of K'3P'> . 
The polarization is given by the Pliicker embedding: it has degree 6. 

(3) Let cr be a generic 3- form on C}^\ Debarre and Voisin [TOj proved that 
the set Ya C Gr(6, C^°) parametrizing subspaces on which a vanishes is a 



i^i.e. ci(L) is indivisibile in H^{X; Z). 

^^In order to get a global family we must go to a suitable double cover of the parameter 
space of sextic curves. 
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deformation of iTS'^l . The polarization is given by the Pliicker embedding: 
it has degree 22. 

(4) Let Z C P^ be a generic cubic hypersurface; lUev and Ranestad [5^1 
150] have proved that the variety of sums of powers VSP{Z, 10) O is a 
deformation of i^TS'^l. For the polarization we refer to [30]; the degree is 
38 (unpublished computation by Iliev, Ranestad and Van Geemen). 

For each of the above families - more precisely for the family obtained by adding 
"limits"- one might ask whether it is globally complete for HK varieties of the 
given degree which are deformations of XS'^l. As formulated the answer is 
negative with the possible exception of our family, for a trivial reason: in the 
lattice L :— H^{K3^^^;'Zi) the orbit of a primitive vector v under the action of 
0{L) is determined by the value of the B-B form q{v) plus the extra information 
on whether 

\ Zi or , . 

In the first case one says that the divisibility o/u is 1, in the second case that 
it is 2; if the latter occurs then q{v) = 6 (mod 8). Thus the divisibility of the 
polarization in Item (1) above equals 1; on the other hand it equals 2 for the 
families in Item (2)-(4). The correct question regarding global completeness is 
the following. Let X be a HK deformation of K3^'^^ with an ample line- bundle 
L such that either q{L) = 2 or q{L) G {6,22,38} and the divisibility of ci{L) 
is equal to 2: does there exist a variety Y parametrized by one of the above 
families - or a limit of such - and an isomorphism (X,L) = (F, Oy(l)) ? If 
a "naive" global Torelli holds for HK deformations of KS^'^^ then the answer is 
positive, see Claim 15.41 

None of the families above is as easy to construct as are the families of 
low-degree K3 surfaces. There is the following Hodge-theoretic explanation. In 
order to get a locally complete family of varieties one usually constructs complete 
intersections (or sections of ample vector-bundles) in homogeneous varieties: by 
Lefschetz' hyperplane Theorem such a construction will never produce a higher- 
dimensional HK. On the other hand the families of Items (1), (2) and (3) are 
related to complete intersections as follows (I do not know whether one may view 
the Iliev- Ranestad family from a similar perspective) . First if / : X — ;> F is a 
double EPW-sextic (Item (1) above) then / is the quotient map of an involution 
X -^ X which has one-dimensional (-l-l)-eigenspace on H'^{X) - in particular it 
kills H^'^ - and "allows"the quotient to be a hypersurface. Regarding Item (2): 
let Z C P'"' be a smooth cubic hypersurface and X the variety of lines on Z, 
the incidence correspondence in Z x X induces an isomorphism of the primitive 
Hodge structures H'^{Z)pr ^ H^{X)pr. Thus a Tate twist of H'^{X)pr has 
become the primitive intermediate cohomology of a hypersurface. A similar 
comment applies to the Debarre-Voisin family (and there is a similar incidence- 
type construction of double EPW-sextics given by Iliev and Manivel [2S]). 

In this section we will describe in some detail the family of double EPW- 
sextics and we will say a few words about analogies with the Beauville-Donagi 
family. 



^'^VSP{Z, 10) parametrizes 9-dimensional linear spaces of 10^5 (3)| which contain Z and are 



10-secant to the Veronese {[L^] | L e {H°{Ofi,{l)) \ {0})}. 
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3.1 Double EPW-sextics, I 

We start by giving the definition of EPW-sextic [13] . Let V be a 6-dimensional 
complex vector space. We clioose a volume-form vol : A^ V — > C and we equip 
A^T^ with the symplectic form 

(a,^)y :=vol(aA^). (3.1.1) 

Let LG(A'^y) be the symplectic Grassmannian parametrizing Lagrangian sub- 
spaces of A'^V - notice that LG(A"^y) is independent of the chosen volume-form 
vol. Given a non-zero v £ V we let 

F^:^{aeA^V\vAa = 0}. (3.1.2) 

Notice that (, )v is zero on Fy and dim(F„) = 10 i.e. Fy G LG(A^F). Let 

F c A^V (g> Op(v) (3.1.3) 

be the sub-vcctor-bundlc with fiber Fy over [v] e P{V). Given A G LG(A^V^) 
we let 

Ya = {H G F{V) iFyHA^ {0}}. (3.1.4) 

Thus Ya is the degeneracy locus of the map 

F ^ (A^FM) ® Opiv) (3.1.5) 

where A^ is given by Inclusion p.l.3p followed by the quotient map A'^V ^ 
Cp(y) -^ (A^V/A) (8) Op(y). Since the vector-bundles appearing in p.l.Sp have 
equal rank Ya is the zero-locus of det A^ G i?°(detF^) - in particular it has a 
natural structure of closed subscheme of P(F). A straightforward computation 
gives that deti^ = C'p(-v)(— 6) and hence Ya is a sextic hypersurface unless it 
equals P(y|ij; if the former holds we say that Ya is an EPW-sextic. What do 
EPW-sextics look like? The main point is that locally they are the degeneracy 
locus of a symmetric map of vector-bundles (they were introduced by Eisenbud, 
Popescu and Walter to give examples of a "quadratic sheaf" , namely coker(A^), 
which can not be expressed globally as the cokernel of a symmetric map of 
vector-bundles on P^). More precisely given B G L(G(A^F) we let Kb C P(V^) 
be the open subset defined by 

UB:^{[v]ePiV)\FynB^{0}}. (3.1.6) 

Now choose B transversal to A. We have a direct-sum decomposition A^V — 
A(B B] since A is lagrangian the symplectic form {,)v defines an isomorphism 
B = A^ . Let [v] G Ub'- since Fy is transversal to B it is the graph of a map 

T^i[v]) ■.A^B^A'', [v]eUB. (3.1.7) 

The map t^{[v]) is symmetric because A, B and Fy are lagrangians. 



l^Given [v] £ P(y) there exists A G LG(A^y) such that AtlF^ = {0} and hence [v] ^ Ya; 
thus Ya is a sextic hypersurface for generic A € LG(A'^y). On the other hand if A = Fm for 
some [w] G f(V) then Ya = ¥{V). 
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Remark 3.1. There is one choice of B which produces a "classical" description of 
Ya, namely B — A^Vq where Vb C F is a codimension-l subspaccf|. With such 
a choice of B we have Ub — (]P(^) \ P(Vb)); we identify it with Vq by choosing 
vq G {V \Vq) and mapping 

vo ^ nv)\nvo) (3.1.3) 

V ^ [vq + v] 

The direct-sum decomposition A'^V = Fy^ © A'^Vq and transversality ^ rh A"^Vb 
allows us to view A as the graph of a (symmetric) map (ja ■ F^^ -^ A^Vq. Iden- 
tifying A^Vo with Fyg via the isomorphism 

A^T/o ^ F,, 
a I— >■ Wo A a 

we may view qA as a symmetric map 

A^Vb — >A^Vo = A^V^. (3.1.10) 

We let qA £ 52/?7i^(A^Vb'^) be the quadratic form corresponding to qA- Given 
t! € Vb let g^ e Sym?{A^VQ) be the Pliicker quadratic form g„(a) :— vol{vo A 
V Aa Aa). Modulo Identification p.l.Sp we have 

Ya n (P(V^) \ P(K))) = l^(det(g^ -I- q,)). (3.1.11) 

Equivalently let 

Za ■■= V{qA) n Gr{2, Va) C P(A Vq) = P^ (3.1.12) 

Then we have an isomorphism 



[Xvq + fiv] ^ V{XqA + mv 



(3.1.13) 



(Here A,^ G C and v £ Vq.) Let Da C |Iza(2)| be the discriminant locus; 
modulo the above identification we have 

Ya n (P(F) \ P(Fo)) - i?A n (|Xz^(2)| \ |IgK2,Vo)(2)I)- (3-1.14) 

Notice that |I([jr(2,vb)(2)l i^ ^ hyperplane contained in Da with multiplicity 4; 
that explains why deg Ya = 6 while degD^ = 10. 

We go back to general considerations regarding Ya ■ The symmetric map r^ 
of p.l.7p allows us to give a structure of scheme to the degeneracy locus 

YA[k] = {H e P(F) I dim(A n Fy) > k} (3.1.15) 

by declaring that YA[k] HUb = T^(a'^^^*''-'t_4 ). By a standard dimension count 
we expect that the following holds for generic A e LG(A^y): Ya[3] = 0, Ya[2] = 
singYA and Ya[2] is a smooth surface (of degree 40 by (6.7) of [13), in particular 



^^It might happen that there is no Vo such that A'^Vb is transversal to A: in that case A is 
unstable for the natural PG-L(y)-action on LG(A^V') and hence we may forget about it. 
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Ya should be a very special sextic hypersurface. This is indeed the case; in order 
to be less "generic" let 

A := {Ae LG{A^V) | Ya[3] ^ 0} , (3.1.16) 

S := {Ael.GiA^V)\3W eGr{3,V)s.t. A^W dA}. (3.1.17) 

A straightforward computation shows that E and A are distinct closed irre- 
ducible codimension-l subsets of LG(A^y). Let 

hG{A^Vf ~hG{A^V)\J:\A. (3.1.18) 

Then Ya has the generic behaviour described above if and only if it belongs 
to LG(A3y)°. Next let A e LG(a3T^) and suppose that Ya ^ f{V): then Ya 
comes equipped with a natural double cover /a ■ Xa -^ Ya defined as follows. 
Let i: Ya ^^ F{V) be the inclusion map: since coker(AA) is annihilated by a 
local generator of det A^ we have coker(Ayi) = i*CA for a sheaf ^^ on Ya- Choose 
B G hG{A^V) transversal to A; the direct-sum decomposition A'^V — A Q) B 
defines a projection map A^V^ -^ A; thus we get a map ^a,b '■ F ^ A(S) Op(y). 
We claim that there is a commutative diagram with exact rows 



^ F -^ A''(g)Op(v) — > uU -^ 

^ A(g,Or(v) -^ F"" ^ Ext\i^CA,Oriv)) -^ 

(3.1.19) 
(Since A is Lagrangian the symplectic form defines a canonical isomorphism 
(A^y/A) = A^; that is why we may write A^ as above.) In fact the second 
row is obtained by applying the Hom{ ■ , C'p(y))-functor to the first row and the 
equality /i^ ^ o A^ = A^ o ^a,b holds because F is a Lagrangian sub-bundle of 
A^V CS) C'p(y). Lastly Pa is defined to be the unique map making the diagram 
commutative; as suggested by notation it is independent of B. Next by applying 
the Hom{i^,(^A, ■ )-functor to the exact sequence 

-^ Or(v) -^ Op(y)(6) -^ Oy^(6) -^ (3.1.20) 

we get the exact sequence 

Q ^^ i^HomiCA.OvA^)) ^ Ext\uQA.Or(v)) ^ Ext\i,CA.Ov(v){&)) 

(3.1.21) 
where n is locally equal to multiplication by detA^. Since the second row 
of p. 1.191) is exact a local generator of det A^ annihilates Ext^{if:C,A,Ort^v))\ 
thus n — Q and hence we get a canonical isomorphism 

d-^: Ext^i^CA^Op^v)) -^ i*Hom{CA,OY^{6)). (3.1.22) 

Let 



CaxCa ^ _ OyAG) 
(^1,0-2) i-^ {d ^o/?^(cri))(cr2). 



(3.1.23) 



Let S^A '■= Ca(— 3); tensorizing both sides of p.l.23|) by C'y^(— 6) we get a 
multiplication map 

mA-.U-xU^Oy^. (3.1.24) 
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The above multiplication map equips Oya © ^A with the structure of a commu- 
tative and associative Oy^ -algebra. We let 

Xa := SpcciOy^QU), Ia-.Xa^ Ya- (3.1.25) 

Then Xa is a double EPW-sextic. Let Ub be as in p.l.6p : we may describe 
fA^iXA nZ^s) as follows. Let M be the symmetric matrix associated to (J3.1.7P 
by a choice of basis of A and M"^ be the matrix of cofactors of M . Let 
Z = (zi, . . . , zio)* be the coordinates on A associated to the given basis; then 
fA^iXA^l^s) C Ub X A^" and its ideal is generated by the entries of the matrices 

M-Z, Z-Z^-M". (3.1.26) 

(The "missing" equation det M — follows by Cramer's rule.) One may reduce 
the size of M in a neighborhood of [vq] G Ub as follows. The kernel of the 
symmetric map t^([wo]) equals Ai^Fy^; let J C ^ be complementary to Ar\Fy^. 
Diagonalizing the restriction of rj* to J we may assume that 

M(H,^("tl' ,1) (3.1.27, 

where k := dim(yl. n Fy^) and Mq is a symmetric k x k matrix. It follows 
at once that Ja is etale over {Ya \ Ya[2]). We also get the following de- 
scription of /a over a point [vq] G (yA[2] \ ^a[3]) under the hypothesis that 
there is no ^ -wq A -wi A '^2 G A. First /^^([wo]) is a single point po, sec- 
ondly Xa is smooth at po and there exists an involution (p on (XatPo) with 
2-dimensional fixed-point set such that Ja is identified with the quotient map 
(Xa^Po) -^ {X A, Po) /{(!>). It follows that Xa is smooth if A G LG(a31/)". We 
may fit together all smooth double EPW-sextics by going to a suitable dou- 
ble cover p: hG{/\^V)* -^ l.G{A^Vf; there exist a family of HK four-folds 
X — !■ LG(A^y)'^ and a relatively ample line-bundle C over X such that for all 
t G LG(a31/)* wc have (Xt.Lt) ^ {Xa.JXOy^^ (1)) where 

Xt:^p-'{t), Lt^C\x,, At -.^ pit). (3.1.28) 

The following result was proved in [58] . 

Theorem 3.2. [O'Grady] Let A G l.G,{A^V)^ . Then Xa is a HK four-fold 
deformation equivalent to K3'^'. Moreover X — s> hG{A^V)* is a locally complete 
family of HK varieties of degree 2 . 

Sketch of proof following IGlf . The main issue is to prove that Xa is a HK 
deformation of KS^'^y In fact once this is known the equality 

/ /lci(Oy,(l))4 = 2.6 = 12 (3.1.29) 

JXa 

together with (12.1.21) gives that qif^ciiOyAi^))) — 2 and moreover the family 
X — !> LG(A^F)* is locally complete by the following argument. First Kodaira 
vanishing and Formula (j2.2.7p give that 

h^fXOYAil)) = xiflOYAil)) = 6 (3.1.30) 
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and hence the map 



Xa^Ya'^ P(F) (3.1.31) 



may be identified with the map Xa — > |/^Oy^(l)|^. From this one gets that the 



natural map {]LG{A^V)°/ /PGL{V),[A]) -> L>e/(XA, /10y^(1)) is injective. 



One concludes that X — > L,G{A^V)* is locally complete by a dimension count: 

dim{]LG{A^Vf//PGL{V)) = 20 = dim Def{X a, /lOyJl)). (3.1.32) 

Thus we are left with the task of proving that Xa is a HK deformation of K3^'^^ 
if A G LG(a31/)0. We do this by analyzing Xa for 

Ae(A\S). (3.1.33) 

By definition Ya[3] is non-empty; one shows that it is finite, that singXA — 
J^^YaIS] and that /j[^[wi] is a single point for each [vi] G YaIS]. There exists a 
small resolution 

tta-.Xa^Xa, ifAonA)-\h])=¥^ V^ £ 1^. (3.1.34) 

In fact one gets that locally over the points of singXA the above resolution is 
identified with the contraction c (or c^ ) appearing in (|1.3.2p - in particular Xa is 
not unique, in fact there are 2l^'*['^ll choices involved in the construction of Xa- 
The resolution Xa fits into a simultaneous resolution i.e. given a sufficiently 
small open (in the classical topology) A ^ U C {hG{A^V) \ S) we have proper 
maps TT, -0 

Xu ^ Xu ^U (3.1.35) 

where -0 is a tautological family of double EPW-sextics over U i.e. -0^^ A = Xa 
and (ip o Tr)~^ A — )• tfj~^A = Xa is a small resolution as above ii A ^ UnA while 
TT^M = XaH Ae (C/\ A). Thus it suffices to prove that there exist Ae (A\i;) 
such that Xa is a HK deformation of KS'^^^. Let [vi] S 1a [3]; we define a K3 
surface SA{vi) as follows. There exists a codimension-1 subspace Vb C F not 
containing Vi and such that A'^Vq is transversal to A. Thus Ya can be described 
as in Remark 13.11 we adopt notation introduced in that remark, in particular 
we have the quadric Qa ■— V{qA) C P(A'^Vb). The singular locus of Qa is P(j4n 
F„J - we recall Identification (IXT^ . By hypothesis P(^nF„,) nGr(2, Vb) = 0; 
it follows that dimP(^ n K, J = 2 (by hypothesis dimP(A n F^^) > 2). Let 

SaM :- Ql n Gr(2, Vo) C P(aVo^). (3.1.36) 

Then SA{vi) C P{Ann (AOFy.)) = P^ is the transverse intersection of a smooth 
quadric and the Fano 3-fold of index 2 and degree 5, i.e. the generic K3 of genus 
6. There is a natural degree-2 rational map 

ff.:5A(t'.)['l — |2:5.K)(2)r (3.1.37) 

which associates to [Z] the set of quadrics in |l5^(„.)(2)| which contain the line 
spanned hy Z - thus gi is regular if S'A(fi) contains no lines. One proves that 
Im{gi) may be identified with Ya\ it follows that there exists a birational map 

h,: SAivi)^^'^ -^ Xa (3.1.38) 
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Moreover if SA{vi) contains no lines (that is true for generic A G (A \ S)) 
there is a choice of small resolution Xa such that hi is regular and hence an 
isomorphism - in particular Xa is projectivq^. This proves that Xa is a HK 
deformation of K3^^^ for A e LG(A^y)". D 

Remark 3.3. The above proof of Theorem 13.21 provides a description of Xa 
for As (A \ E); what about Xa for A G 'S? One proves that if A 6 E is generic 
- in particular there is a unique W G Gr{3,V) such that A^W C A- then the 
following hold: 

(1) Cw.A := {H e P(VF) I dim(A n F^) > 2} is a smooth sextic curve. 

(2) singXA = /^^P(VF) and the restriction of Ja to singXA is the double 
cover of P(VF) branched over Cw,A, i-e. a K3 surface of degree 2. 

(3) If p e singXA the germ {Xa,p) (in the classical topology) is isomorphic 
to the product of a smooth 2-dimensional germ and an Ai singularity; 
thus the blow-up Xa —^ Xa resolves the singularities of Xa- 

(4) Let U C LG(A^F) be a small open (classical topology) subset containing 
A. After a base change C/ — !• C/ of order 2 branched over [/ n S there 
is a simultaneous resolution of singularities of the tautological family of 
double EPW's parametrized by U. It follows that Xa is a HK deformation 

(5) Let Ea be the exceptional divisor of the blow-up Xa -^ Xa and ca G 
H^{Xa;'^) be its Poincare dual; then q{eA) — —2 and (e^,i/^(X^; Z)) = 
Z. 

3.2 The Beauville-Donagi family 

Let V^V C |C'p5(3)| be the prime divisors parametrizing singular cubics and 
cubics containing a plane respectively. We recall that if Z e (|C'p5(3)| \2?) then 

X = F{Z) := {L e Gr(l, P^) | i C X} (3.2.1) 

is a HK four-fold deformation equivalent to K3^^\ Let H be the Pliicker ample 
divisor on X and h — ci{Ox{H)); then 

q{h)=6, {h,H^{X;Z))x = 2Z. (3.2.2) 

These results are proved in f^ by considering the codimension-1 locus of Pfaffian 
cubics; they show that if Z is a generic such Pfaffian cubic then X is isomorphic 
to S*!^! where S* is a K3 of genus 8 that one associates to Z, moreover the class h is 
identified with 2/i(D) — 5^2 where D is the class of the (genus 8) hyperplane class 
of S. Here we will stress the similarities between the HK four-folds parametrized 
by V,V and those parametrized by the loci A, E C hG{A^V) described in the 
previous subsection. Let Z G 2? be generic. Then Z has a unique singular point 
p and it is ordinary quadratic, moreover the set of lines in Z containing p is a 



^^There is no reason a priori why Xa should be Kahler, in fact one should expect it to be 
non-Kiihler for some A and some choice of small resolution 
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K3 surface S of genus 4. The variety X ~ F{Z) parametrizing lines in Z is 
birational to S'^^' ; the birational map is given by 

where Li + L2 + ^ = {Li,L2) ■ Z. Moreover F(Z) is singular with singular locus 
equal to S. Thus from this point of view V is similar to A. On the other hand 
let Zq e (|C'p5(3)| \ V) be "close"to Z; the monodromy action on H'^{F{Zo)) 
of a loop in (10^5(3)1 \ V) which goes once around V has order 2 and hence 
as far as monodromy is concerned V is similar to E. (Let U C |Oij5(3)| be a 
small open (classical topology) set containing Z; it is natural to expect that 
after a base change tt: U —?■ U oi order 2 ramified over V the family of i^(Z„) 
for u € {U \ ■K~^'D) can be completed over points of tt^^T) with HK four-folds 
birational (isomorphic?) to S'^l.) Now let Z E V be generic, in particular 
it contains a unique plane P. Let T = P^ parametrize 3-dimensional linear 
supspaces of P^ containing P; given i e T and Lt the corresponding 3-space the 
intersection Lt ■ Z decomposes as P + Qt where Qt is a quadric surface. Let 
E CX ^ F{Z) be the set defined by 

S := {L e F{Z) \3teT such that L C Qt}- (3.2.4) 

For Z generic we have a well-defined map E ^ T obtained by associating to L 
the unique t such that L C Qt; the Stein factorization oi E —^ T is E —^ S ^ T 
where S* — ?> T is the double cover ramified over the curve B C T parametrizing 
singular quadrics. The locus i? is a smooth sextic curve and hence S* is a K3 
surface of genus 2. The picture is: _E is a conic bundle over the K3 surface S 
and we have 

q{E) = -2, {e,H\X;Z))^Z, e -.^ ci{Ox{E)). (3.2.5) 

Thus from this point of view V is similar to S - of course if we look at monodromy 
the analogy fails. 



4 Numerical Hilbert squares 

A numerical Hilbert square is a HK four-fold X such that cx is equal to the 
Fujiki constant of K3^'^^ and the lattice H'^{X;Z) is isometric to H'^{K3^'^'^;Z)] 
by (|2T9| . (|2. 1.101) this holds if and only if 

H^{X; Z) ^ U^®E8{-l)®{-2), cx = 1. (4.0.1) 

We will present a program which aims to prove that a numerical Hilbert square 
is a deformation of KS^"^^ i.e. an analogue of Kodaira's theorem that any two 
K3^s are deformation equivalent. First we recall how Kodaira [33] proved that 
K3 surfaces form a single deformation class. Let Xq be a K3. Let X -^ T 
be a representative of the deformation space Def{Xo). The image of the local 
period map it: T ^ P(iJ^(Xo)) contains an open (classical topology) subset 
of the quadric Q := V'(qxo)- The set Q(Q) of rational points of Q is dense 
(classical topology) in the set of real points Q(M); it follows that the image 
7r(r) contains a point [a] such that a^ fl H^{Xq; Q) is generated by a non-zero 
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a such that qx{ct) — 0. Let t € T such that 7r(t) — [a] and set X :— Xt] by the 
Lefschetz (1,1) Theorem we have 

Hl;\X) = Zci(L), qxiciiL)) = (4.0.2) 

where L is a holomorphic hue-bundle on X. By Hirzebruch-Riemann-Roch and 
Serre duahty we get that hP{L) + h^{L~^) > 2. Thus we may assume that 
h^{L) > 2. It fonows that L is globally generated, h^{L) = 2 and the map 
(pL- X —^ \L\ = P^ is an elliptic fibration. Kodaira then proved that any two 
elliptic -fCS's are deformation equivalent. J. Sawon Ji6; has launched a similar 
program with the goal of classifying deformation classes of higher-dimensional 
HK manifoldq^ by deforming them to Lagrangian fibrations - we notice that 
Matsushita |331 Hll Si] has proved quite a few results on HK manifolds which 
have non-trivial fibrations. The program is quite ambitious; it runs immediately 
into the problem of proving that if L is a non-trivial line-bundle on a HK 
manifold X with gx(ci(L)) = then h°{L) + h°{L-'^) > [0 On the other 
hand Kodaira's theorem on 7^3's may be proved [38] by deforming Xq to a K3 
surface X such that H^' {X) = Zci(L) where L is a holomorphic line-bundle 
such that qx{L) is a small positive integer, say 2. By Hirzebruch-Riemann- 
Roch and Serre duality hP{L) + h^{L^^) > 3 and hence we may assume that 
h^(.L) > 3; it follows easily that L is globally generated, h^{L) — 3 and the 
map (/)i : X ^ |i|^ = P^ is a double cover ramified over a smooth sextic curve. 
Thus every Ki is deformation equivalent to a double cover of P^ ramified over 
a sextic; since the parameter space for smooth sextics is connected it follows 
that any two KZ surfaces are deformation equivalent. Our idea is to extend this 
proof to the case of numerical Hilbert squares. In short the plan is as follows. 
Let Xq be a numerical Hilbert square. First we deform Xq to a HK four-fold X 
such that 

hI:\x) = Zci(L), gx(ci(L)) = 2 (4.0.3) 

and the Hodge structure of X is very generic given the constraint (|4.0.3p . see 
Section HTTj for the precise conditions. By Huybrechts' Projectivity Criterion ?? 
we may assume that L is ample and then Hirzebruch-Riemann-Roch together 
with Kodaira vanishing gives that hP{L) = 6. Thus we must study the map 
/: X ---> \V^ = P^. We prove that either / is the natural double cover of an 
EPW-sextic or else it is birational onto its image (a hypersurface of degree at 
most 12). We conjecture that the latter never holds; if the conjecture is true 
then any numerical Hilbert square is a deformation of a double EPW-sextic and 
hence is a deformation of K3^'^\ 

4.1 The deformation 

We recall Huybrechts' Theorem on surjectivity of the global period map for HK 
manifolds. Let Xq be a HK manifold. Let L be a lattice isomorphic to the 
lattice H'^{Xo;Z); we denote by (, )l the extension to L C of the bilinear 
symmetric form on L. The period domain 51^ C P(£ (g) C) is given by 

^l:={M eP(i®C) I (<7,a)L=0, ia,a)L>0}. (4.1.1) 



^*One should assume that 62 > 5 in order to ensure that the set of rational points in V(qx) 
is non-empty (and hence dense in the set of real points). 

^^Let dimX = 2n. Hirzebruch-Riemann-Roch gives that x(^) = " + 1, one would like to 
show that hi{L) = for < q < 2n. 



23 



A HK manifold X deformation equivalent to Xq is marked if it is equipped with 
an isometry of lattices -0: L ^^ H'^{X;'Z). Couples (^,"0) and {X',ip') are 
equivalent if there exists an isomorphism /: X ^ X' such that H'^{f)oip' — ±ip. 
The moduli space Mxo of marked HK manifolds deformation equivalent to Xq is 
the set of equivalence classes of couples as above. If t e A^Xo we let {Xt,ipt) be a 
representative of t. Choosing a representative A" — > T of the deformation space 
of Xt with T contractible we may put a natural structure of (non-separated) 
complex analytic manifold on A4xtn see for example Thm.(2.4) of fW. The 
period map is given by 



(x,v) ^ V"^^^'°(^)- 



(4.1.2) 



(we denote by the same symbol both the isometry L -^^ H^{X; Z) and its linear 
extension L C ^- H'^{X;C).) The map V is locally an isomorphism by in- 
finitesimal Torelli and local surjectivity of the period map. The following result 
is proved in ,26j : the proof is an adaptation of Todorov's proof of surjectivity 
for K3 surfaces [S7] . 

Theorem 4.1. [Todorov, Huybrechts] Keep notation as above and let Ai'x be 
a connected component of Mxa- The restriction of V to M'x is surjective. 

Let 

A -.^ U^®Es{-lf(B{~2) (4.1.3) 

be the Hilbert square lattice, see (|2.1.9p . Thus ^a is the period space for 
numerical Hilbert squares. A straightforward computation gives the following 
result, see Lemma 3.5 of [59]. 

Lemma 4.2. Suppose that ai,a2 G A satisfy 

(ai,ai)A = (a2,a2)A = 2, (ai,a2)A = l mod 2. (4.1-4) 

Let Xq be a numerical Hilbert square. Let M\ be a connected component 
of the moduli space of marked HK four-folds deformation equivalent to Xq. 



There exists 1 < i < 2 such that for every t e M'x ^^^ class of ipt{cii) 
H'^{Xt;Z)/Tors is indivisible. 
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Notice that A contains (many) couples ai, a2 which satisfy (|4.1.4p : it follows 
that there exists a £ A such that for every t € AA\ the class of ?/'t(a)^ in 
H'^{Xt;'Z)/Tors is indivisible. There exists [a] G i^A such that 

(j^r\A = Za. (4.1.5) 

By Theorem [4TT1 there exists t e Mxa such that V{t) = [cr]; Equality (|4.1.6p 
gives that 

Hl;^{Xt) = 'La. (4.1.6) 

Since q{ipt{(y)) = 2 > the HK manifold Xt is projective by Theorem 12.71 
by (|4.1.6p either 4^t{ct) or ipti^—a) is ample and hence we may assume that tpt{ct) 
is ample. Let X' :— Xt and H' be the divisor class such that ci{Ox'{H')) — 
tpt{a); X' is a first approximation to the deformation of Aq that we will con- 
sider. The reason for requiring that iptictf' be indivisible in H'^{Xt;'Z)/Tors 
will become apparent in the sketch of the proof of Theorem 14.51 
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Remark 4.3. If X is a deformation of ifS'^l and a G H'^{X;'L) is an arbitrary 
class such that q{a) = 2 then the class of a^ in H^{X; 'L)/Tors is not divisible, 
see Proposition 3.6 of |59) . 

Let tt: A" — > S" be a representative of the deformation space Def{X',H'). 
Thus letting Xg '■— tt^^{s) there exist G S* and a given isomorphism Xo ^^> X' 
and moreover there is a divisor-class H on <¥ which restricts to H' on Xq; we 
let Hg := HIjsTj. We will replace {X',H') by {Xs,Hs) for s very general in 
S in order to ensure that H'^{Xs) has the simplest possible Hodge structure. 
First we describe the Hodge substructures of H'^{Xs) that are forced by the 
Beauville-Bogomolov quadratic form and the integral (1, 1) class ipt{ct)- Let X 
be a HK manifold. The Beaville-Bogomolov quadratic form qx provides us with 
a non-trivial class Qx G Hq (X). In fact since qx is non-degenerate it defines 
an isomorphism 

Lx : H^{X) ^ H\xy. (4.1.7) 

Viewing qx as a symmetric tensor in H'^{XY (g) H'^{XY and applying L^ 
we get a class {L^ ® L^){qx) G H'^{X) CS) H'^{X); applying the cup-product 
map iJ2(X) (g) ij2(X) -^ H^{X) to (i^^^ L^^){qx) we get an element q\ G 
-ff'*(X; Q) which is of type (2, 2) by Equation (|2.1.11l) . Now we assume that X 
is a numericla Hilbert square and that iJ is a divisor class such that q{H) = 2. 
Let h := ci{Ox{H)). We have an orthogonal (with respect to qx) direct sum 
decomposition 

H^{X)^Ch%h^ (4.1.8) 

into Hodge substructures of levels and 2 respectively. Since b2{X) ~ 23 we 
get by Corollary 12.51 that cup-product defines an isomorphism 

Sym^H^iX) -^ H'^{X). (4.1.9) 

Because of (|iX^ we wih identify H^{X) with Sym^H'^{X). Thus (|iXS)) gives 
a direct sum decomposition 

H'^{X) = Ch^ © {Ch ® h^) ® Sym^ih^) (4.1.10) 

into Hodge substructures of levels 0, 2 and 4 respectively. As is easily checked 
q^ G (Ch'^OSym^ih^). Let 

W{h):^{q'^)^nSym^{h^). (4.1.11) 

(To avoid misunderstandings: the first orthogonality is with respect to the in- 
tersection form on H^{X), the second one is with respect to qx-) One proves 
easily (see Claim 3.1 of 59 ) that W{h) is a codimension-1 rational sub Hodge 
structure of Sym^{h ), and that we have a direct sum decomposition 

Ch^ ® Sym^{h^) = <Ch^ © <Cq^ © W{h). (4.1.12) 

Thus we have the decomposition 

H^{X; C) = {<Ch^ © Cq"") © (C/i © /i-^) © W{h) (4.1.13) 

into sub-H.S.'s of levels 0, 2 and 4 respectively. The following result is Propo- 
sition 3.2 of [591. 
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Claim 4.4. Keep notation as above. Let s € S be very general i.e. outside a 
countable union of proper analytic subsets of S . Then the following hold: 

(1) H^-\X,) = Z/i, where h, = ci{OxAHs))- 

(2) Let S G Zi{Xs) be an integral algebraic 1-cycle on Xg and d(E) G 
H^ {X'i) be its Poincare dual. Then c/(S) = mh^/6 for some m G Z. 

(3) IfVc H'^iXs) is a rational sub Hodge structure then F = Fi © V2 ® Va 
where V\ C (C/i^ © Cg^ ) , 1^ is either or equal to Chs <E) h^ and V3 is 
either or equal to W{hs). 

(4) The image of h^ in H^{Xs\'L)/Tors is indivisible. 

(5) Hl'^{Xs)/Tors C ^hl/2) © I^iq^^Jb). 

Let s G 5 be such that Items(l) through (5) of Claim 14.41 hold. Let 
X := Xs, H := Hg and h := ci{Ox{H))- Since LI is in the positive cone and h 
generates LI^'' (X) we get that LI is ample. By construction X is a deformation 
of our given numerical Hilbert square. The goal is to analyze the linear system 
\LL\. First we compute its dimension. A computation (see pp. 564-565 of [SI]) 
gives that C2{X) = Qq^/b; it follows that Equation (|2.2.7p holds for numerical 
Hilbert squares. Thus x{Ox{H)) = 6. By Kodaira vanishing we get that 
h^{Ox{H)) = 6. Thus we have the map 

f:X—^\H\''=P^. (4.1.14) 

The following is the main result of [59] . 

Theorem 4.5. [O'Grady] Let {X, H) be as above. One of the following holds: 

(a) The line-bundle Ox{H) is globally generated and there exist an anti- 
symplectic involution (p: X ^ X and an inclusion X/{(j}) ^^ |^|^ such 
that the map f of (|4. 1.141) is identified with the composition 

X^X/{c^)^\H[' (4.1.15) 

where p is the quotient map. 

(b) The map f of (|4.1.14p is birational onto its image (a hypersurface of 
degree between 6 and 12J. 

Sketch of proof. The following result follows from Items (4) and (5) of Claim 
14.41 plus a straightforward computation, see Proposition 4.1 of j59] . 

Claim 4.6. If Di,D2 G \H\ are distinct then Di fl D2 is a reduced irreducible 
surface. 

In fact we chose h such that h^ is not divisible in LI^{X\ 'L)/Tors precisely to 
ensure that the above claim holds. Let F C P^ be the image of / (to be precise 
the closure of the image by / of its regular points). Thus (abusing notation) 
we have /: X ---> Y. Of course dimF < 4. Suppose that dimF = 4 and 
that deg/ = 2. Then there exists a non-trivial rational involution </>: X --+ X 
commuting with /. Since Pic(X) = 1[H] we get that 0*iJ ^ H; since Kx ~ it 
follows that (j) is regular; it follows easily that (a) holds. Thus it suffices to reach 
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a contradiction assuming that dim F < 4 or dim Y — 4 and deg / > 2. One goes 
through a (painful) case-by-case analysis. In each case, with the exception of Y 
a quartic 4-fold, one invokes either Claim 14.61 or Item (3) of Claim 14.41 We 
give two "baby" cases. First suppose that F is a quadric 4- fold. Let Yq be an 
open dense subset containing the image by / of its regular points. There exists 
a 3-dimensional linear space L C P^ such that LnFo is a reducible surface. Now 
L corresponds to the intersection of two distinct Di,D2 G |-ff | and since LHYq 
is reducible so is DiCi D2 - that contradicts Claim [4T6l As second example we 
suppose that F is a smooth cubic 4-fold and / is regular. Notice that 

H-H-H-H = 12 (4.1.16) 

by ([TO)) and hence deg/ = 4. Let H'^{Y)pr C H^{Y) be the primitive co- 
homology. By Item (3) of Claim 14.41 we must have f*H'^{Y)pr C C/i(8) h^. 
The restriction to f*H*{Y; Q)pr of the intersection form on iJ^(X) equals the 
intersection form on H'^{Y;Q)pr multiplied by 4 because deg/ = 4; one gets a 
contradiction by comparing discriminants. D 

Conjecture 4.7. Item (b) of Theorem 14.51 does not occur. 

As we will explain in the next subsection Conjecture 14.71 implies that 
a numerical Hilbert square is in fact a deformation of K3^^^. The following 
question arised in connection with the proof of Theorem 14.51 

Question 4.8. Is the following true? Let X be a HK 4-fold and H an ample 
divisor on X. Then Ox{2H) is globally generated. 

The analogous question in dim = 2 has a positive answer, see for exam- 
ple [35] . We notice that if X is a 4- fold with trivial canonical bundle and H is 
ample on X then Ox{5H) is globally generated by Kawamata [35]. The relation 
between Question 14.81 and Theorem 14.51 is the following. 



Claim 4.9. Suppose that the answer to Question 14.81 is positive. Let X be a 
numerical Hilbert square equipped with an ample divisor H such that qx{H) = 2. 
Let Y C \H\^ be the closure of the image of the set of regular points of the 
rational map X ---> |-ff |^. Then one of the following holds: 

(1) Ox{H) is globally generated. 

(2) Y is contained in a quadric. 

Proof. Suppose that Item (2) does not hold. Then multiplication of sections 
defines an injection Syrn^H^lOxiH)) ^ H°{Ox{'2.H)); on the other hand we 
have 

d:im.Sym^H'^{Ox{H)) = 21 = Aim H"^ {Ox [2 H)). (4.1.17) 

(The last equation holds by Equation (12.2.71) - valid for numerical Hilbert squares 
as noticed above.) Since Ox{2H) is globally generated it follows that Ox{H) 
is globally generated as well i.e. Item (1) holds. D 

We remark that Items (1) and (2) of the above claim are not mutually 
exclusive. In fact let S* C P'^ be a smooth quartic surface (a K3) not containing 
lines. We have a finite map 

^M ^ Gr(l,P'^)cP5 .4 118) 

[Z] ^ {Z) 
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with image the Pliicker quadric in P^. Let H := f*Opii{l); since / is finite H 
is ample. Moreover q{H) = 2 because H ■ H ■ H ■ H = 12; thus (|4.1.18p may be 
identified with the map associated to the complete linear system \H\. 

4.2 Double EPW-sextics, II 

Let {X, H) be as in Item (a) of Theorem 14.51 we proved [S5] that there exists 
A G LG(a3C^)° such that Ya = f{X) and the double cover X -)■ f{X) may be 
identified with the canonical double cover Xa — > Ya ■ Since Xa is a deformation 
of i^St^l it follows that if Conjecture 14. 7| holds then numerical Hilbert squares 
are deformations of i^TS'^l. The precise result proved in [51] is the following. 

Theorem 4.10. [O'Grady] Let X he a numerical Hilbert square. Suppose that 
H is an ample divisor class on X such that the following hold: 

(1) qx{H) = 2 (and hence dim \H\ = h). 

(2) Ox{H) is globally generated. 

(3) There exist an anti-symplectic involution (j): X ^ X and an inclusion 
X/((f)) ^-> \H\'^ such that the map X -^ |^|^ is identified with the compo- 
sition 

X -^X/{(j))^\H\'' (4.2.1) 

where p is the quotient map. 

Then there exists A G LG(A"^C^)*' such that Ya = Y and the double cover 
X — >■ f{X) may he identified with the canonical double cover Xa —^ Ya. 

The proof of the above result goes as follows. 

Step I. Let Y :— f{X); abusing notation we let /: X -^ y be the double cover 
which is identified with the quotient map for the action of {(f>). We have the 
decomposition f^,Ox — Oy®?? where 77 is the (— l)-eigensheaf for the action of </) 
on Ox- One proves that C := 77® Oy(3) is globally generated - an intermediate 
step is the proof that 3H is very ample. Thus we have an exact sequence 

O^G^iJ°(C)0O|i/|v^i*C^O. (4.2.2) 

where i: Y ^^ l-^l^ is inclusion. 

Step IL One computes /i°(C) as follows. First H°{C) is equal to H°{Ox{3H))- 
i.e. the space of (ji-anti-invariant sections of Oxi^H). Using Equation (J2.2.7P 
one gets that /i°(C) = 10. A local computation shows that G is locally-free. By 
invoking Beilinsons' spectral sequence for vector-bundles on projective spaces 
one gets that G = nf^,v{3). On the other hand one checks easily (Euler se- 
quence) that the vector-bundle F of (|3.1.3p is isomorphic to riL^s(3). Hence 
if we identify P{V) with |-ff|^ then F is isomorphic to the sheaf G appearing 
in (|4.2.2p . In other words (|4.2.2p starts looking like the top horizontal sequence 
of (13.1.191) . 

Step III. The multiplication map r]<^ri -^ Oy defines an isomorphism /3: i*^ — > 
Ext^{i^(^,0\H\'')- Applying general results of Eisenbud-Popescu- Walter [13] (al- 
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ternatively see the proof of Claim (2.1) of [?) one gets that /? fits into a com- 
mutative diagram 

-^ ^fH|v(3) -^ H^{e)®0\H\'^ -^ uC ^ 

-^ H''{9y®0\H\- -^ 0fH|v(-3) A Ext\i,C,0\H\-) —^ 

(4.2.3) 
where the second row is obtained from the first one by applying Hom{-, O^ny^)- 

Step IV. One checks that 

^|i/|v (3)^^^ {H\0 © H\CY) ® 0|^,v (4.2.4) 

is an injection of vector-bundles. The transpose of the above map induces an 
isomorphism {^H^{C,Y © H^{()) ^^ _ff°(ri?^|v(3)^). The same argument shows 

that the transpose of (J3.1.3P induces an isomorphism A^T^^ ^^ iJ"(F^). Since 
F is isomorphic to ^ff^iv (3) we get an isomorphism p: H'^{C) ©i?''(C)^— -^ A'^ V 
such that (abusing notation) p(J7?^|v(3)) — F. Lastly one checks that the 
standard symplectic form on (7?'^(C)©iJ*'(C)^) is identified (up to a multiple) via 
p with the symplectic form (, )y of (PXTJ) . Now let A = p(iJ"(C)^); then (|iX^ 
is identified with p.l.l9p . This ends the proof of Theorem 14.101 

5 Global Torelli and deformations of K3^^^ 

The following question is motivated by the celebrated Global Torelli Theorem 
for K3 surfaces. 

Question 5.1. Let C be a deformation class of HK manifolds. Is the follow- 
ing true? Let X, Y be HK manifolds whose deformation class is C: then X 
is bimeromorphic to Y if and only if there exists an integral Hodge isometry 

H^X)^H^{Y). 

If the answer to the above question is affirmative we say that Naive Global 
Torelli holds for HK manifolds whose deformation class is C. The reason we 
do not ask for a biregular Global Torelli is that bimeromorphic HK manifolds 
have isomorphic H^ cohomologies by Item (5) of Remark 12. H and in dimension 
greater than 2 there do exist examples of bimeromorphic HK manifolds which are 
not isomorphic, see for example W or the domain and codomain of the birational 
Map p.3.3p . Notice also that bimeromorphic HK manifolds are deformation 
equivalent by Huybrechts' Theorem l2.11l It is known that Naive Global Torelli 
does not hold for arbitrary deformation classes of HK manifolds. Namikawa [52] 
proved that it is false for the deformation class of K^^^T as soon as n > 2: in fact 
K^^^T and K^^^T have isomorphic i/^'s but Namikawa proved that in general 
they are not bimeromorphic. Markman [47 proved that if (n — 1) is not a 
prime poweio then Naive Global Torelli fails for deformations of (KS) ^"1 . A 
refined Global Torelli Question for deformations of XSl"' (based on work of 
Markman [32]) has been formulated by Gritsenko, Hulek and Sankaran [21 ; if 
(n — 1) is a prime power the refined and naive questions coincide. The recent 



^'^Here we assume that n > 1 of course. 
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preprint |70| by Verbitsky presents a proof of a result which in particular gives an 
affirmative answer to Question 15. II for deformations of i^Sl"' and n — 1 a prime 
power. Here we will not discuss Verbitsky's paper, instead we will concentrate 
on the deformation class of K3^'^\ In the first subsection we will assume that 
naive Global Torelli holds for deformations of i^S^^l and we will derive a few 
easy (but interesting!) geometric consequences. In the second subsection we 
will give an outline of our work in progress on moduli and periods of double 
EPW-sextics. 

5.1 Torelli and geometry 

In this subsection we make the following 

Assumption 5.2. Naive Global Torelli holds for deformations of K3^^^. 

The first consequence that we will derive from the above assumption is about 
moduli spaces of polarized deformations of JsTS'^l . (For a more general discussion 
see [21].) First we recall a few results on lattices. Let A be a lattice i.e. a free 
finitely generated abelian group equipped with an integral bilinear symmetric 
form - we denote by (, )a the bilinear form and by q\ the associated quadratic 
form. We recall that 

H^{K3^'^^;Z) = U^(SEs(-lf%{-2) =: 6 (5.1.1) 

The divisibility of w G 8 is 

div{v):=\Z/{{v,w)\ wee}\. (5.1.2) 

Let V be primitive: then div(v) is either 1 or 2 and if it equals 2 then qs{v) = 6 
(mod 8). The following result is a corollary of Nikulin's general results on 
lattices [53] . 

Claim 5.3. Let v,w ^ Q be primitive. There exists an isometry (f> £ 0{Q) such 
that 4'{v) = w if and only if 

qe{v) = qQ{w), div{v) = div{w) (5.1.3) 

Let d be a strictly positive integer and e G {1,2}. We let 9Jl2d be the coarse 
moduli space for deformations X of K3^'^' equipped with a primitive ample 
divisor H such that 

qx{H) - 2d, diviOxiH)) = e. (5.1.4) 

(See [5T] for details.) The period moduli space for such couples (X, H) is defined 
as follows. Let t; e be primitive such that qs{v) = 2d and div{v) = e. Let 

0„^ := {[a]e¥iv^®zC)\qeia)^0, ((T,a)e > 0}, (5.1.5) 

0(e)„ := {0 G 0(6) I cl){v) = v}. (5.1.6) 



'^2d 



Then 0{Q)y acts properly discontinuously on fly±; thus the quotient 
ri,yi/O(0)„ is an analytic space, in fact a quasi-projective variety by a classical 
result of Baily and Borel. One may define a period map 

9«2d^»2d (5.1.7) 

proceeding as in the definition of (|4.1.2[) . with the extra constraint that ip(v) = 
ci{Ox{H)). 
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Claim 5.4. // Assumption 15.21 holds then p^^; is an isomorphism onto an 
open dense subset. In particular 97t2d *■' irreducible. 

Proof. The period map pj^; has finite fibers and it has open image because the 
local period map is surjective and Djrf is normal. Thus it suffices to prove the 
following: 

(1) QJtjd is ^ot empty. 

(2) degp^^ = 1. 
Let 



"2(1 



{l):={[a]eBl^\a-^ne = Zv}. (5.1.8) 

(An element of Dj^ is a 0(8)i,-orbit in fly±; to simplify notation we denote it 
by a representative [a].) Since D^^(l) is dense in D^^ it suffices to prove that 

l(P2d)-'(W)l = l V[a]eD^,(l). (5.1.9) 

Let [a] e ©2^(1) • By Theorem 14.11 there exist a deformation X of K3^'^^ and 
a marking ^p: Q ^U H'^{X;Z) such that ^([cr]) = ff^'°(A). Since v±a we have 
i^{v) G H£ (A) and since qx{ip{v)) = qe{v) = 2 we get that A is projective 
by Huybrechts' projectivity criterion ??. Moreover since [a] e ©2^(1) '^^ know 
that '4>{v) generates iJ^' (A) and hence ±ip{v) is ample. Multiplying -0 by (—1) 
if necessary we may assume that ^^{v) is ample. Let iJ be a divisor class H 
on A such that ci{Ox{H)) = tp{v); then p2rf(A, iJ) = [a]. This proves that 
(p2d)~^(M) is not empty. Let [(A,ff)], [{X',H')] e 9J1^^ be such that 

p^,(A, H) = p^,(A', H') e ©^,(1). (5.L10) 



Let's prove that [(A, iJ)] = [(A',iJ')]. By Assumption [5721 there exists a 

D^,(A',i/')eB^,( 



birational map </): A --^ A'. Since p^^(A',iJ') e ©^(1) ^^ have hI;^{X) = 



1ci{Ox{H)) and hI'\X') = Zci{Ox'{H'}}; it follows that (/.*iJ' - iJ and 
hence is a regular isomorphism because H, H' are ample and A, A' have 
trivial canonical bundle. D 



Next we show that Assumption 15.21 is linked to the conjectural converse 
of Theorem [2791 

Claim 5.5. Suppose that Assumption [5721 holds. Then Item (2) of Conjec- 
ture [27101 holds. 

Proof. Let X.L be as in Item (2) of Conjecture 12.101 Suppose first that 

H^-\X)=Zci(L). (5.1.11) 

The subspace ci(i)^ C II^{X) is a sub Hodge structure because ci{L) G 
H^'^iX). Let ci(i)^ :=ci(i)^niJ2(X;Z); then 

i72(A;Z)=ci(L)^©Zci(i) (5.1.12) 

because gx(i) = -2 and {ci{L),H^{X;Z))x = 2Z. By (|5.1.12p the lattice 
ci{L)^ is even, unimodular of signature (3, 19); it follows that it is isometric to 
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U^(BEs{—1)'^ i.e. the K3 lattice. By surjectivity of the period map for K3 sur- 
faces (i.e. Theorem 14. ip there exist a K3 surface S and an isomorphism of in- 
tegral Hodge structures (j)o : H^{S) ^^ ci{L)^ which is an isometry. By (|1.1.9p 
and (J2.1.9P (?!)o extends to an isomorphism of integral Hodge structures 

4):H^{S^^'^)^H^{X) (5.1.13) 

which is an isometry. By Assumption [5721 there exists a bimeromorphic map 
/: X -^ S-I^l. Since hI'^{X) = Zci(L) it follows that /*6 = ±ci(i). Let 
A2 C S*!^! be the effective divisor parametrizing non-reduced analytic subsets; 
then /^^A2 is an effective divisor and by (jl.l.Sp we have ci{Ox{f^^^2)) — 
ci{L^^). This proves that Item (2) of Conjecture 12.101 holds if we make the 
extra assumption (|5. 1.111) . In general one may proceed as follows. Let tt: A" — )■ T 
be a representative of Def{X,L). We let Xt :— 7r"-'^(t) and G T such that 
Xq = X. Of course we have a line-bundle C on X such that C\x„ — L; we let 
Lt -.^Clx,- The set 

Tg,n ■.= {teT I H^'^Xt) = Zci(A)} (5.1.14) 

is dense in T. By what we have proved one gets that either h^lLf) > for 
all t G Tgen or else hP{L^'^) > for all t e Tg^n- We may assume that the 
former holds; by upper semi-continuity of cohomology dimension it follows that 
/i°(Lf) > for all t e T, in particular /i"(Lg) > 0. D 

Remark 5.6. It should be possible to prove that Assumption [5721 implies that 
Item (2) of Conjecture 12. lOl holds and moreover that the conjectural converse 
of Theorem 12.91 is true. The proof will be somewhat less elementary because 
the generic deformation of K3^^^ satsifying the hypothesis of Item (2) of Con- 
jecture 12.101 or Item (b) of Theorem 12.91 is not bimeromorphic to a K3^^\ 
The natural idea is to start from one 4-fold satisfying the hypothesis and the 
conclusion and argue by a deformation argument and stability of the divisor in 
the first case and the lagrangian surface in the second case. 

5.2 Double EPW-sextics and Torelli 

Let V^ be a complex vector space of dimension 6. The action of PGL{V) on 
LG(A^V^) lifts (uniquely) to an action on the Phicker line-bundle i.e. it is lin- 
earized. Thus there is a GIT quotient 

m:=hG{A^V)//PGL{V). (5.2.1) 

Given a semistable A e LG(A^V^) we let [A] £ 9Jt be the corresponding point. 
Let A G LGiA^V) and assume that Ya ^ f(y); we let Ha G |/^Op(y)(l), 
thus {Xa,Ha) is a polarized 4-dimensional scheme, if Xa is smooth i.e. A G 
LG(A^V)° then it is a HK deformation of ifSl^l of degree 2. We note that 
if A is semistable then Ya ^ ^{V), that is proved in [61]. The open dense 
LG(a3 V)° C LG(A3y) (see p.l.lSp ) is contained in the stable locus oi]LG{A^V) 
(this follows easily from Proposition 6.1 of ^58j). Let 

m" ■.= h<G{A^V)°//PGL{V). (5.2.2) 

One proves that points of 9H° are in one-to-one correspondence with isomor- 
phism classes of double EPW-sextics i.e. [A] = [B] if and only if the polarized 
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HK 4-folds {Xa,Ha) and {Xb,Hb) are isomorphic. Let B) := Bji notation 
as in Subsection [5?T1 Let A £ LG(A^y)°; then q{HA) = 2 and hence the 
period map for double EPW-sextics is a regular map of quasi-projective vari- 
eties p° : 971° -J> D. Let B^^ D D be the Baily-Borel compactification; then p° 
extends to a rational map 

p-.m—^B^^. (5.2.3) 

By Theorem 13.21 we know that locally in the classic topology L(G(A"^V^)° 
parametrizes a locally versal family of HK deformations of ifS'^' of degree 2; 
it follows that p is dominant of finite degree. The following claim gives one 
motivation for studying the period map p. 

Claim 5.7. Suppose that 

(a) Conjecture 14.71 holds and 

(b) degp = L 

Then Naive Global Torelli holds for deformations of K3^^' . 

Before proving the claim we discuss a few density results. Let X be a 
deformation of A'S'^'. Let tt: X ^>- T he a representative of Def{X). As usual 
we let Xt :— Ti^^{t) and Xq = X . We will assume that T is small enough; that 
means that T is simply connected and that the local period map (j2.1.5p is an 
isomorphism onto an open (classical topology) subset of V{qx) C P(i?^(X)). 
Since T is simply connected the Gauss-Manin connection gives an identification 

H^{X) ^ H^{Xt) yteT. (5.2.4) 

Given d £ Z we let T2d C T he defined by 

T2d:^{teT\Hl'\Xt)3-f, q{l)^2d, 7 primitive}. (5.2.5) 

The following result is proved by copying the proof of Proposition 2 of Le Potier's 
paper [38 . 

Proposition 5.8. Keep notation as above. Then T2d is dense (classical topol- 
ogy) in T. 

We are interested in the case d~l and wc wish to show that a certain subset 
of T2 is dense in T as well. First we define complex multiplication HK manifolds. 
Let X be a HK manifold such that the restriction of qx to i?^' {X) is non- 
degenerate, for example a projective one; the transcendental lattice of X is the 
sublattice T{X) C H'^{X; Z) perpendicular to H^^{X). Let T(XV := T{X)®z 
C; then T{X)c is a Hodge substructure of H^{X) and it is simple^ H because qx 
is non-degenerate on H^' (X). We say that X has complex multiplication (CM) 
if there exists an endomorphism of the Hodge structure T{X)c which is not a 
homothcty. Now let 

V:^{ae H^iX; Z) | qx{a) ^ 2}. (5.2.6) 

Given a G V we let 

r„ :- {t e T I a e H^'\Xt)}. (5.2.7) 



^^It contains no non-trivial sub-H.S. 
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The above definition makes sense because Gauss-Manin gives Identification (|5.2.4p . 
Let t € Tq,; since qxtia) > either (a, ■)xt is strictly positive or strictly nega- 
tive on Cxt , moreover the sign is independent of t by continuity. Thus we have 
a disjoint union V = V+ ]J V^ where 

V+ := {aeV\ {a, I3)x, > Vt £ r„ V/3 e CxJ (5.2.8) 

V- := {a e V I (a, /3)x, < Vi G T^ V/3 e CxJ. (5.2.9) 

Definition 5.9. Let a e V+. We let T^™ C r„ be the set of t such that 
Xt is not CM (this makes sense: qxt is non degenerate on H^ {Xt) because 
(IXtict) > 0) and moreover Items (1) through (5) of Claim l474l hold with s = t 
and hs — a. 

Proposition 5.10. Keep notation as above. Then T^'^" is dense (classical 
topology) in T^. 

Proof. Let Ta{l) C T^ be the set of t such that iJ^' {Xt) = Za. A standard 
argument gives that Ta{\) is the complement of a countable union of proper 
analytic subsets of T^. Let Tq(2) C Ta{l) be the set of t such that Item (3) 
of Claim [4741 holds with Xs — Xt and hg — a. Again by a standard argument 
Ta{2) is the complement of a countable union of proper analytic subsets of T^ - 
see Lemma 3.3 of [59,. Let t e Ta(2); then Items (1) through (5) of Claim I3T41 
hold with s = t and hs = a. In fact (1) and (3) hold by definition, (4) holds 
by Remark 14.31 Item (2) follows from Item (1) and Item (5) follows from (3) 
and (4) - see the proof of Proposition 3.2 of [39]. Let T^^' C T^ be the set of 
t such that Xt has complex muhiplication and Tf *^(1) := Tf *^ r\Ta{l). We 
claim that 

T^ is contained in a countable union of proper analytic subsets of T^. 

(5.2.10) 
Since (Tq\Tq(1)) is a countable union of proper analytic subsets of T^ it suffices 
to prove that T^^\\) is contained in a countable union of proper analytic 
subsets of Ta. Let t e T^^^(l). Then iJ^'^(Xt) = a^ and hence there exists an 
integral homomorphism of groups : a^ -^ a'^ which is not a homothety and 
such that H^'^{Xt) is an eigenspace of (/), say with eigenvalue A. Since is not 
a homothety the A-eigenspace V\ C a^ is not all of a^ ; it follows that 

{i G T„ I H^^\Xt) C Vx] (5.2.11) 

is a proper analytic subset of Ta ■ The set of integral cf) as above is countable; 
it follows that T^*^(l) is contained in a countable union of proper analytic 
subsets of T„; this proves (|5.2.10D . Since Tg""^ = Ta{2) \ Tf *^ we get that the 
complement of Tjf^" in Ta is contained in a countable union of proper analytic 
subsets of Ta , in particular Tja^" is dense in T^ . D 

Corollary 5.11. Keep notation as above. Then 

\J T9^" (5.2.12) 

aGV+ 

is dense in T. 
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Proof. We have T2 = U^gv+^a- By Proposition [STTOl we get that the closure 
of (|5.2.12p equals the closure of T2. Thus the Corollary follows from Proposi- 
tion [HH n 

Proof of Claim 15.71 Suppose that Z, Z' are HK deformations of iCS'^l and 
that there exists an integral isomorphism of Hodge structures 

^i: H^{Z) ^ H^-{Z') (5.2.13) 

which is an isometry with respect to the B-B forms. Composing ^ with —Id^'^iz') 
we may assume that 

li(Cz)^Cz'. (5.2.14) 

By the existence of /i we may choose markings ?/;, tp' of Z and Z' repectively such 
that Viz, -4)) = V{Z',%j)'). Let tt: Z ^ T and tt' : Z' -^ T' be representatives 
of Def{Z) and Def{Z') with T,T' small. (As usual Zt = Tr^'^it), Zq ^ Z 
and Z'^ = {Tr')~^(t), Z'q = Z' .) By infinitesimal Torelli and local surjectivity of 
the period map we may shrink T and T' so that there exists an isomorphism 
g:T^T' such that 

P(Z,,^)=P(Z;(,),V')- (5.2.15) 

(Here ip defines a marking of Zt by Gauss-Manin and similarly for ?/;'.) Let 
V^ C H^{Z;Z) and V^, C H^{Z'-Z) be defined as in K2M . By (15.2.141) 
we have Ai(V+) = V+. Let a e V+; by (15.2.151) we have g(r9'=") = T^™ . 
Let i e T9^". By Conjecture gH] and Theorem UTO] there exist A, A' e 
L(G(A^y)° such that Zt, Z' ,^-, are isomorphic to the double EPW-sextics Xa, 
Xa' respectively. Moreover a and a' are the natural ample classes on Xa and 
Xa' respectively because they belong to V^ and V^, respectively. We have 
p([A]) — p{[A']) by (J5.2.15I) : since we are assuming that degp = 1 it follows that 
Xa — Xa' ■ Let / : Xa' — > Xa be an isomorphism. The integral isomorphism 
of Hodge structures H^{f): H'^{Xa) — — > H^{Xai) is an isometry with respect 
to the B-B forms; it sends a to a' and hence a^ to {a')^ ■ Since Xa,Xa' 
do not have complex multiplication the restriction of H^{f) to a^ is either 
equal to the restriction of fi or to the restriction of —^. If the latter occurs 
we replace / with its composition with the covering involution of Xa — ^ Ya 
and we get that we may assume that H^{f) = H- By Corollary 15.111 there 
exists a sequence {ti} converging to with ti 6 Uagy+^a''" for all i. For each 
ti we have an isomorphism fi : Z',^,^ — > Zt- such that H^{fi) = /i; under these 
hypotheses Huybrechts (Theorem 4.3 of [55]) proved that the "Main Lemma" of 
Burns- Rapoport |7j extends to higher-dimensional HK's i.e. a subsequence of the 
graphs of the fi converges to the graph of a bimeromorphic map Z' --■* Z. D 

5.3 Periods of double EPW-sextics 

The period maps for double EPW-sextics and for cubic hypesurfaces in P^ have 
many common features. We will state the main results on periods of double 
EPW-sextics and then we will point out the analogies with the case of cubic 
4-folds. Let A,i; C LG(a31/) be defined by p.l.iep . (|3.1.17p . One shows that 
(A \ E) is contained in the stable locus and that the generic point of E is stable; 
it follows that 

T := A//PGL{V), DT := J://PGL(V) (5.3.1) 
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are prime divisors in 9Jl. The period map p is not regular; one of the main issues 
is to determine the locus of regular points of p. One first proves that p is regular 
away from 91. In order to analyze p at a point x G 01 we assume that A belongs to 
the unique closed orbhl^i representing x. Suppose that W £ Gr(3, V) and that 
A^M^ C A. One defines a subscheme Cw,A C F{W) as in Item (1) of Remark 
13.31 it is either a sextic curve or all of P(W^) (pathological case). We let St'' C 971 
be the locus of [A] such that the following holds: for all W £ Gr(3, V) such that 
A^W C A the scheme Cw,A is a PG'L(iy)-semistable sextic which does not 
contain a triple conic in the closure of its orbilj^. The map p extends regularly 
over m^: 

7.1 .r.n (5-3.2) 

[A] ^ p{[A]) ^ ^ 

(In fact we guess that 9Jl^ is equal to the set of regular points of p.) Let 
i)jiADE ^ gjjb ^Q ^j^g iQ(,^g of ^J^ g^^Yi that the following holds: for all (or 
equivalently one) W G Gr(3, V) such that A^W C A the scheme Cw,A is a 
reduced sextic with ADE singularities i.e. the double cover 5 — > P(VK) ramified 
over Cw,A has at most DuVal singularities. One has dJl^^^ = p^^D n DJt and 
hence we have 

[A] ^ pi[A]) ^^■'^■•^) 

Moreover Map (|5.3.3I) has finite fibers. Next we analyze the restriction of p to 
^ADE .= 2; n gjjADB ^^^ 1-0 ^ADE .^ fj^ p M^^^ . The double EPW-sextic 
parametrized by [A] G (T \ 91) is birational to 5'a(i'z)'^' where SAivi) is the 
K3 surface described in the proof of Theorem 13.21 Similarly let [A] e 91 be 
generic as in Remark 13.31 then the double cover Sw,A —^ P(W^) ramified over 
the smooth sextic Cw,A is a K3 surface. It is not the case that Xa is birational 
to a Hilbert square but e^ C H^{Xa) is a sub-Hodge structure of H^{Sw,a) 
of index 2. (Here ca is as in Item (5) of Remark 13.31 ) In both cases Global 
Torelli for A'3's and Ricmann-Roch for K3 surfaces allow us to analyze the 
restriction of p to 1^^^^ and to 91^^^. The closure of p(9T^^^) in P is an 
irreducible component §2 of the divisor 

{[a] e D I 37 e {w, <t}^ n 6 such that 99(7) = -2}. (5.3.4) 

(Here w £ O is a fixed vector such that qQ{v) =2- see Subsection lS.ll ) Moreover 
the following hold: 

(a) The restriction of p to 91^-0^ is injective. 

(b) p is not ramified along 91. 

(c) p-i(§2)n97l^=91^^^. 

Similar results hold for the period map on T. Let's pretend for a moment 
that p is regular; then Items (a)-(c) give that degp = 1 because (971 \ 9JT'') 
contains no divisor - in fact it has relatively high codimension. Going back 
to the "real" world (i.e. p is not regular): if the dimension of (971 \ 971'') is at 



^^That is closed in the semistable locus LG(A'^y)°^. 

^^The GIT-quotient of the space of plane sextics is a compactification of the moduli space 
of degree-2 K3 surfaces; the point corresponding to triple conies is the indeterminacy locus of 
the period map to the Baily-Borel compactification of the relevant period moduli space. 
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most 6 then one may adapt an argument of Voisin [7T] (see the Erratum) and 
derive degp — 1 from (a) through (c) above. We do not yet know whether the 
required upper bound holds - what is missing is a complete (or detailed enough) 
analysis of GIT (semi)stability for the PGL{V) action on LG(A^T^). Now we 
go over the analysis of the period map for cubic hypersurfaces in P^ according 
to Voisin [TT] and Laza ^^ (see also ^). Let |Op5(3)|"P' C |e'p5(3)| be 
the open set parametrizing cubics with simple singularities. Then |C'p5(3)|*P' is 
PGL(6)-invariant and by Laza [S^ it is contained in the stable locus of |C'p5(3)|. 
Let 

M'P':^\Or^{'i)\'P'//PGL{Q), Mcbc:=\Orr,m//PGL{6). (5.3.5) 

We have the (rational) period map is p: Mcbc -^"^ ^1)^^ where (D|)-^^ is the 
Baily-Borel compactification of the period moduli space described in Subsec- 
tion 15.11 Then A^*p' is the analogue of the open M.^'^^ in the moduli space 
of double EPW-sextics. In fact M"^^^ = p~^(D|) fl Reg{p) and moreover the re- 
striction of p to M'^P^ has finite fibers (of cardinality 1 by Voisin's Global Torelli 
for cubics). Next let V,V be the prime divisors of |C'p5(3)| defined in Subsec- 
tion l3.2l as shown in that subsection the varieties of lines on cubics parametrized 
by points of V are similar to double EPW-sextics parametrized by points of A 
and there is also an analogy between V and S. Voisin [7T] proved that analogues 
of Items (a)-(c) above hold for V/ /PGL{6) and from that derived Global Torelli 
for cubics. 



References 

[1] A. Beauville, Vanetes Kdhleriennes dont la premiere classe de Chern est nulle, 
J. Differential geometry 18, 1983, pp. 755-782. 

[2] A. Beauville - R. Donagi, La varietes des droites d'une hypersurface cubique 
de dimension 4, C. R. Acad. Sci. Paris Ser. I Math. 301, 1985, pp. 703-706. 

[3] F. Bogomolov, Hamiltonian Kdhler manifolds, Soviet Math. Dokl. 19, 1978, 
pp. 14621465. 

[4] F. Bogomolov, On the cohomology ring of a simple hyper-Kdhler manifold 
(on the results of Verhitsky) , Geom. Funct. Anal. 6, 1996, pp. 612618. 

[5] S. Boucksom, Le cone kdhlerien d'une variete hyperkdhlerienne , 
C. R. Acad. Sci. Paris Ser. I Math. 333, 2001, pp. 935-938. 

[6] S. Boucksom, Divisorial Zariski decompositions on compact complex mani- 
folds, Ann. Sci. Ecole Norm. Sup. 37, 2004, pp. 4576. 

[7] D. Burns - M. Rapoport, On the Torelli problem for Kdhlerian K3 surfaces, 
Ann. scient. Ec. Norm. Sup. 8, 1975, pp. 235-274. 

[8] G. Casnati - F. Catanese, Even sets of nodes are bundle symmetric, J. Diff. 
Geom. 47, 1997, pp. 237-256. 

[9] O. Debarre, Un contre- example au theoreme de Torelli pour les varietes sym- 
plectiques irreductibles, C. R. Acad. Sci. Paris Ser. I Math. 229, 1984, pp. 681- 
684. 



37 



[10] O. Debarre - C. Voisin, Hyper-Kdhler fourfolds and Grassmann geometry, 
larXiv:0904.39 74 [math.AG] 

[11] J. P. Demailly - M. Paun, Numerical characterization of the Kdhler cone of a 
compact Kdhler manifold, Ann. of Math. 159, 2004, pp. 1247-1274. 

[12] S. Druel, Quelques remarques sur la decomposition de Zariski divisorielle sur 
les varietes dont la premiere classe de Chern est nulle, arXiv: 0902.1078 
[math.AG] 

[13] D. Eisenbud - S. Popescu - C. Walter, Lagrangian subbundles and codimension 
3 subcanomcal subschemes, Duke Math. J. 107, 2001, pp. 427-467. 

[14] B. Fantechi, Deformation of Hilbert schemes of points on a surface, Compo- 
sitio Math. 98, 1995, pp. 205-217. 

[15] A. Fujiki, On primitively symplectic compact Kdhler V -manifolds of dimen- 
sion four, Classification of algebraic and analytic manifolds (Katata, 1982), 
Progr. Math. 39, 1983, Birkhuser, pp. 71-250. 

[16] A. Fujiki, On the de Rham Cohomology Group of a Compact Kdhler Symplectic 
Manifold, Adv. Studies in Pure Math. 10, Algebraic Geometry, Sendai 1985, 
1987, pp. 105-165. 

[17] W. Fulton - P. Pragacz, Schubert Varieties and Degeneracy Loci, Springer 
LNM 1689. 

[18] L. Gottsche, Hilbert schemes of zero- dimensional subschemes of smooth vari- 
eties. Springer LNM 1572. 

[19] L. Gottsche- D. Huybrechts, Hodge numbers of moduli spaces of stable bundles 
on K2, surfaces, Internat. J. Math. 7, 1996, pp. 359-372. 

[20] V.A. Gritsenko - K. Hulek - G.K. Sankaran, The Kodaira dimension of the 
moduli of K3 surfaces. Invent. Math. 169, 2007, pp. 519-567. 

[21] V.A. Gritsenko - K. Hulek - G.K. Sankaran, Moduli spaces of irreducible sym- 
plectic manifolds. Mathematics arXiv: 0802.2078[math.AG]. 

[22] D. Guan, On the Betti numbers of irreducible compact hyperkdhler manifolds 
of complex dimension four. Math Research Letters 8, 2001, pp. 663-669. 

[23] B. Hassett - Y. Tschinkel, Rational curves on holomorphic symplectic four- 
folds, Geom. Fund. Anal. 11, 2001, pp. 1201-1228. 

[24] B. Hassett - Y. Tschinkel, Moving and ample cones of symplectic four-folds. 
Mathematics arXiv:0805.4162 [math.AG]. 

[25] B. Hassett - Y. Tschinkel, Intersection numbers of extremal rays on holomor- 
phic symplectic four-folds. Mathematics larXiv:0909. 47451 [math.AG] 

[26] D. Huybrechts, Compact hyper-Kdhler manifolds: basic results. In- 
vent. Math. 135, 1999, pp. 63-113. Erratum, Invent. Math. 152, 2003, pp. 209- 
212. 

[27] D. Huybrechts, The Kdhler cone of a compact hyperkdhler manifold, 
Math. Ann. 326, 2003, pp. 499-513. 

[28] A. Iliev - L. Manivel, Fano manifolds of degree ten and EPW sextics. Math- 
ematics arXiv:0907.2781 , [math.AG]. 



38 



[29] A. Iliev - K. Ranestad, KS surfaces of genus 8 and varieties of sums of powers 
of cubic fourfolds, Trans. Amer. Math. Soc. 353, 2001, pp. 1455-1468. 

[30] A. Iliev - K. Ranestad, Addendum to "K3 surfaces of genus 8 and varieties 
of sums of powers of cubic fourfolds" , C. R. Acad. Bulgare Sci. 60, 2007, 
pp. 1265-1270. 

[31] D. Kaledin - M. Lehn - Ch. Sorger, Singular symplectic moduli spaces, In- 
vent. Math. 164, 2006, pp. 591-614. 

[32] Y. Kawamata, On Fujita's freeness conjecture for 3-folds and A-folds, 
Math. Ann. 308, 1997, pp. 491-505. 

[33] K. Kodaira, On the structure of compact complex analytic surfaces. I , 
Amer. J. Math. 86, 1964, pp. 751-798. 

[34] J. Kollar, Rational curves on algebraic varieties, Ergebnisse der Mathematik 
und ihrer Grenzgebiete. 3. Folge, 32. Springer- Verlag, Berlin, 1996. 

[35] R. Laza, The moduli space of cubic fourfolds, J. Algebraic Geom. 18, 2009, 
pp. 511-545. 

[36] R. Laza, The moduli space of cubic fourfolds via the period map, 
larXiv:0705.09491 to appear on Ann. of Math. 

[37] M. Lehn- Ch. Sorger, La singularity de O 'Grady, J. Algebraic Geom. 15, 2006, 
pp. 753-770. 

[38] J. Le Potier, Simple connexite de surfaces K3, Geometry of K3 surfaces: 
moduh and periods (Palaiseau, 1981/1982), Asterisque 126, 1985, pp. 79-89. 

[39] E. Looijenga The period map for cubic fourfolds. Invent, math. 177, 2009, 
pp. 213-233. 

[40] E. Looijenga - C. Peters, Torelli theorems for Kdhler K3 surfaces, Compositio 
Math. 42, 1980/81, pp. 145-186. 

[41] E. Markman, Brill-Noether duality for moduli spaces of sheaves on K3 sur- 
faces, J. Algebraic Geom. 10, 2001, pp. 623-694. 

[42] E. Markman, Integral constraints on the monodromy group of the hyper- 
kahler resolution of a symmetric product of a K3 surface. Mathematics ArXiv: 
0601304[math.AG]. 

[43] D. Matsushita, On fibre space structures of a projective irreducible symplectic 
manifold, Topology 38, 1999, pp. 79-83. 

[44] D. Matsushita, Addendum: "On fibre space structures of a projective irre- 
ducible symplectic manifold" , Topology 40, 2001, pp. 431-432. 

[45] D. Matsushita, Higher direct images of dualizing sheaves of Lagrangian fibra- 
tions, Amer. J. Math. 127, 2005, pp. 243-259. 

[46] A.L. Mayer, Families of K3 surfaces, Nagoya Math. J. 48, 1972, pp. 1-17. 

[47] S. Mukai, Symplectic structure of the moduli space of sheaves on an abelian or 
K3 surface. Invent, math 77, 1984, pp. 101-116. 

[48] S. Mukai, On the moduli space of bundles on K3 surfaces, I , Vector Bundles 
on Algebraic Varieties, TIER, Bombay, O.U.P., 1987, pp. 341-413. 



39 



[49] S. Mukai, Curves, K3 surfaces and Fano 3-folds of genus < 10, Algebraic 
geometry and commutative algebra, Vol. I, Kinokuniya, Tokyo, 1988, pp. 357- 
377. 

[50] S. Mukai, Moduli of vector bundles on K3 surfaces and symplectic manifolds, 
Sugaku Expos. 1, 1988, pp. 139-174. 

[51] S. Mukai, Polarized K3 surfaces of genus thirteen. Moduli spaces and arith- 
metic geometry, 2006, Adv. Stud. Pure Math. 45, Math. Soc. Japan, Tokyo, 
pp. 315-326,. 

[52] Y. Namikawa, Counter-example to global Torelli problem for irreducible sym- 
plectic manifolds, Math. Ann. 324, 2002, pp. 841-845. 

[53] V. V. Nikulin, Integral symmetric btUnear forms and some of their applica- 
tions, Math. USSR Izvestija 14, 1980, pp. 103-167. 

[54] K. O'Grady, The wetght-two Hodge structure of moduli spaces of sheaves on a 
K3 surface, J. of Alg. Geom. 6, 1997, pp. 599-644. 

[55] K. O'Grady, Desingularized moduli spaces of sheaves on a K3, J. fur die reine 
und angew. Math. 512, 1999, pp. 49-117. 

[56] K. O'Grady, A new stx-dimensional irreducible symplectic variety, J. Algebraic 
Geom. 12 (2003), pp. 435-505. 

[57] K. O'Grady, Involutions and linear systems on holomorphic symplectic mam- 
folds, GAFA 15, 2005, pp. 1223-1274. 

[58] K. O'Grady, Irreducible symplectic 4-folds and Eisenbud-P opes cu- Walter sex- 
tics, Duke Math. J. 34, 2006, pp. 99-137. 

[59] K. O'Grady, Irreducible symplectic 4-folds numerically equivalent to {KSy'^, 
Commun. Contemp. Math. 10 (2008), no. 4, 1-56. 

[60] K. O'Grady, Dual double EPW-sextics and their periods. Pure Appl. 
Math. Q. 4 (2008), no. 2, 427-468. 

[61] K. O'Grady, Double EPW-sextics: moduli and periods, in preparation. 

[62] I. Piatechki-Shapiro, I.R. Shafarevich A Torelli theorem for algebraic surfaces 
of type K3, Math. USSR Izvestija 5, 1971, pp. 547-588. 

[63] A. Rapagnetta, Topological invariants of O' Grady's six dimensional irreducible 
symplectic variety. Math. Z. 256, 2007, pp. 1-34. 

[64] A. Rapagnetta, On the Beauville form of the known irreducible symplectic 
varieties. Math. Ann. 340, 2008, pp. 77-95. 

[65] S. M. Salamon, On the cohomology of Kdhler and hyper-Kdhler manifolds. 
Topology 35, 1996, pp. 137-155. 

[66] J. Sawon, Abelian fibred holomorphic symplectic manifolds, Turkish 
J. Math. 27, 2003, pp. 197-230. 

[67] A. Todorov, Applications of the Kdhler-Einstein-Calabi-Yau metric to moduli 
of K3 surfaces, Invent. Math. 61, 1980, pp. 251-265. 

[68] A.N. Tyurin, Cycles, curves and vector bundles on an algebraic surface, Duke 
Math. J. 54, 1987, pp. 1-26. 



40 



[69] M. Verbitsky, Cohomology of compact hyperKdhler manifolds and its applica- 
tions, Geom. Funct. Anal. 6, 1996, pp. 601-611. 

[70] M. Verbitsky, mapping class group and a global Torelli theorem for hyper- 
Kdhler manifolds, arXiv:0908.4121 1^3 [math. AG]. 

[71] C. Voisin, Theoreme de TorelU pour les cubtques de P^, Invent. Math. 86, 
1986, pp. 577-601. Erratum, Invent. Math. 172, 2008, pp. 455-458. 

[72] K. Yoshioka, Some examples of Mukai's reflections on K3 surfaces, J. Reine 
Angew. Math. 515, 1999, pp. 97-123. 

[73] K. Yoshioka, Moduli spaces of stable sheaves on abelian surfaces. 
Math. Ann. 321, 2001, pp. 817-884. 

[74] J. Wierzba and J. A. Wisniewsky, Small contractions of symplectic A-folds, 
Duke Math. J. 120, 2003, pp. 65-95. 



41 



